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ABSTRACT

This research work is devoted to the development of a mathematical model

for the simulation of the flow of polymeric melts through the die region of
extruders . The set of the governing equations are solved using the finite

element method . Standard Galerkin technique is used in conjunction with the
continuous penalty scheme to solve the flow equations . Due to the non-linear

nature of the global equations, the Newton-Raphson method is used . In order

to show the applicability of this model, we have simulated the flow of a
polypropylene (130S®) melt in the die of a single screw extruder . The well-

known power-law equation is used to describe the non-Newtonian rheological

behaviour of this material . The validity of the present technique under realistic
conditions is confirmed by the comparison of the model simulation results

with the experimental data.
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INTRODUCTION

Extrusion is one of the most important fabrication

operations in plastics and rubber industries . This pro-
cess can be considered to be consisted of two distinct

parts.

The first part is a delivery system which is

based on the use of either a single screw or a twin

screw pumping system rotating in a barrel . The

second part is a die system which forms the polymer

melt into the desired shape.
The design of extrusion die is mainly determin-

ed by the required extrudate cross-sectional shape.

Efforts are normally made:
–To establish a streamlined flow pattern in the flow

domain.
–To eliminate the possibilities of occurring stagnation

points.
–To generate an optimum pressure profile consistent

with screw system.

–To maintain a uniform temperature distribution in

the polymer melt.

– To keep the die swell as low as possible.
In order to achieve these tasks, highly complic-

ated geometries are generally used for the flow dom-
ain in extrusion dies . In addition, polymer melts
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clearly show a non-Newtonian rheological behaviour.
Consequently, many efforts have been devoted to
develop robust mathematical models based on the use
of sophisticated numerical techniques such as finite
element method (FEM) to simulate the flow of
polymer melts in extrusion dies (see for example, ref.
[1-7]) ., This is mainly because that the analytical or
simple numerical methods (such as finite difference
and finite volume methods) are impotent to cope with
the geometrical complexities of the flow domain and
intricate rheological behaviour of these materials.
Therefore, the greater flexibility of the finite element
method in handling of complex geometries makes it
the most suitable method to be used in the develop-
ment of solution schemes for the flow problems in
extrusion dies.

The model developed in the present work is
based on finite element solution of governing equa-
tions continuity, motion and the power-law constitu-
tive equation that reflects the non-linear theological
behaviour of generalized Newtonian polymeric fluids.

To demonstrate the applicability of the devel-
oped model, the flow of a thermoplastic melt (poly-
propylene T30Sa) through the die of a single screw
extruder is considered . The results of the simulations
are also compared with the measured pressure profile
and flow rates. The main assumptions which are made
in the development of the present model are:
–The flow of the polymer through the die is laminar
and the fluid is incompressible.
–The rheological behaviour of the polymer melt is
considered to be described by the power-law model.
–The flow is assumed to be in a three-dimensional
framework . The flow domain in a real extrusion die is
very complicated, therefore a three-dimensional mod-
el is needed for the description of the flow in this
problem.
–The flow regime is steady-state and isothermal . The
main justification which leads us to assume a thermal
homogeneous system is based on the experimental
measurements of the temperature profile in the longi-
tudinal direction. Our experiments showed that the
temperature rise in this system is very low (–I °C)
and thus can be neglected to avoid performing of
unnecessary computations .

–There is no-slip on the solid boundar ies.
In the following sections, we first describe the

mathematical model and then the finite element work-
ing equations associated with this problem are intro-
duced. Next, the computational results and discussion
are presented and finally the conclusions are drawn.

MATHEMATICAL MODEL

The governing equations of the steady-state, isother-
mal, laminar flow of an incompressible non-Newton-
ian fluid in a three-dimensional Cartesian coordinate
system are given as [Si:
continuity:
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In these equations vx, vy, and va are the x, y, and z
components of the velocity vector, p is .the pressure, p

(1)

(2)
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is the material density, gx , gy and g= are the x, y, z
components of the gravitational acceleration. Stress
components rte, . . . are the elements of viscous
stress tensor which are given for a generalized
Newtonian fluid in terms of rate-of-deformation
tensor A by:

nA

	

(5)

where 11 is the shear dependent non-Newtonian
viscosity of the fluid. The rate-of-deformation tensor
is defined as:
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Viscosity fl in the present study is given by the
power-law type equation expressed as[9] :

or u-v-p) scheme or the use of the penalty methods
[10, 11].

In the present study we have selected a penalty
technique because these schemes produce a more
compact set of working equations, thus reducing the
required computer storage and computational cost.
Furthermore, it is shown that for highly viscous fluids
considered here, the penalty method gives more
accurate solutions than the u-v-p method [12].

The basic step in the penalty formulation is the
elimination of the pressure term in momentum equa-
tions using :

8v av
p =—4( " +

	

+L
ax
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where A, is a penalty parameter. It can be shown that if
we choose A. to be a relatively large number, the con-
tinuity equation will be satisfied. It is recommended
that the value of the A. be chosen as a function of
viscosity to ensure uniform continuity enforcement in
non-Newtonian problems [11] . Therefore eqn (9) is
written as:

A=

ave dv

(6)

(9)
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where lo is the consistency of the fluid, n is the
power-law index and I 2 is the second invariant of rate-
of-deformation tensor defined as:
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THE PRESENT MODEL OF THE FINITE
ELEMENT WORKING EQUATIONS

Finite element formulation of the flow equations can
be based on either a pressure-velocity (called mixed

In this equation rl is the local viscosity and A,
is a large positive number (say, 10' s) . Elimination of

the pressure as a primary unknown by the penalty
method can be achieved either by direct substitution

of the pin the flow model using eqn (10) (continuous
penalty method) or by using the discretized form of
this equation to derive a set of compact working
equations in the finite element scheme . The pressure
field in these methods is found by a secondary
calculation such as the variational recovery method
[10] . In the present work we use continuous penalty

(8)

where
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technique since numerical experiments showed that
this method gives a more accurate pressure field in
our problem.

Following the procedures of weighted residual
finite element schemes, the prime unknowns in the
model are replaced by trial function representations
which in the context of a discretized domain are given
by polynomial relationships. This results in the deriv-
ation of basic residual statements of the scheme.

These residuals are then multiplied by weight
functions and their integrals over an element domain
are set to be zero . Using Galerkin method in which
the weight and the interpolation functions are
identical, the working flow equation of our scheme is
derived in matrix form as:
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where yJ; and are the weight and the interpolation
functions, respectively, and t is the boundary of the
flow domain and nx , ny and nz are the components of

(13)

(17)

(21)
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It' node (1=1, . . ., 8)

Figure t . .An 8-node isoparametric brick element.

the unit vector normal to the boundary in the outward
direction . The velocity components V. , vy and vz are
approximated over a typical element domain (l by
the following equations :

where vxj v°; and v°d are values of the components of
the velocity vector at the jth node (x;,yj,zj) of the
element fie . In the present scheme, we have adopted
an 8-node brick element to discretize the solution
domain (Figure 1).

In order to complete the mathematical model,
the governing equations must be solved in conjunc-
tion with the appropriate set of boundary conditions.
The boundary conditions used in the present study are

Vz =L.tVxj

	

y, z)
j.l

v y = EvY; ~I'; {x y, z)
I-I

!v z = E v:iP ( x , y , z)
j-1

caumisdy M.H.R. N d.

(25)

(26)

(27)

Outlet
Stress free

boundary condition

Figure 2. Solution domain with the boundary conditions.
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shown in Figure 2. On the solid walls the no-slip
condition which is the first type boundary condition is
used . For the inlet and outlet of the flow domain,
pressure and stress free conditions (second type
boundary condition) are specified.

SOLUTION STRATEGY

Using the isoparametric mapping [10], the working
equations of the present scheme are cast into a local
natural coordinate system . The members of the coeffi-
cients matrices are then computed for each element
by a Gauss quadrature method [13] . The .resulting

algebraic equations are assembled into a global mat-
rix and after imposing the appropriate set of boundary
conditions are solved by a Gauss elimination

algorithm [14].
The presence of the convective terms in the

momentum equations as well as the shear dependent
nature of viscosity make this set of equations non-
linear . In the present work, the Newton-Raphson
iterative procedure is used to handle the non-linear
nature of the derived equations .

RESULTS AND DISCUSSION

The computational methods described above are
employed in a computer program to simulate the flow
of a polypropylene melt T30Se through the die region
of a single screw extruder. To verify the proposed
mathematical model and the numerical algorithm
described above, the calculated values were compared
with experimental runs on a laboratory extruder
(Hulce HBI SYS 90m). Six screw speeds (10, 20, 30,
40, 50 and 60 RPM) are selected.

For each experiment, the pressure at three
locations and mass flow rate are measured . The
pressure measurement points were located at the
entrance to the die and on two additional points of

94 .9 and 19.9 mm far from the end of die,
respectively (see Figure 2) . The temperature on the
solid walls and inlet region is set to be 200 °C.

For each simulation, the measured pressure at
the start of the entry region was selected as the
boundary condition . Table 1 shows the physical and
rheological properties of the polypropylene melt used
in the present research.

The finite element mesh for this simulation is

No. of nodes : 2457

No . of elements : 1920

Type of element: 8-Node brick

y

z 1 x

Figure 3. Finite element mesh.
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RPM = 10

Figure 4. Velocity field corresponding to input pressure 3 .03 MPa ( screw speed 10 RPM).

RPM = 40

Y

z

	

x

Figure 5 . Velocity field corresponding to input pressure 6 .42 MPa ( screw speed 40 RPM).
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Table 1 . Physical and rheological properties of the
polypropylene T30S®

Parameter Constant value

tlo
n

Pm

6010 Pa.s n
0 .5

749 .6 kg.m3

shown in Figure 3 . It consists of 1920 eight-node
Lagrangian brick elements with total number of nodes
equal to 2457. The results of the simulations for three
sample input pressures corresponding to the screw
rotational speeds of 10, 40 and 60 RPM are shown in
Figures 4—9 . Figures 4—6 show the velocity vector
fields corresponding to the three screw speeds . The
pressure fields associated with these velocity fields
are also shown in Figures 7-9.

The extrusion die used in this work made of
two main parts. The first part is a converging region
and the second section has a simple slit geometry.
Considering the geometry of the flow domain and the

direction of the polymer melt flow through the die,
the calculated velocity and pressure fields are as
expected and closely correspond to eacul other . As it
can be seen, due to the noticeable difference between
the average size of the cross-section areas of the two
main parts, the pressure drop in the slit region is more
significant than the converging section.

In order to verify the validity of the developed
mathematical model and solution algorithm, the
calculated pressure on the die (see Figure 2) and the
output mass flow rate are compared with the experi-
mentally measured data which are recorded in
Table 2 . It can be seen that there are very good agree-
ments between the calculated and the actual results
and thus the differences between them are very minor.
These discrepancies can be attributed to the use of
numerical techniques during the solution of the
governing equations and also the error of the measur-
ing the pressure profile and mass flow rates.
Therefore, the trivial discrepancies between model
simulation results and experimentally measured

Figure 6 . Velocity field corresponding to input pressure 7.72 MPa ( screw speed 60 RPM).
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RPM = 10
Pressure

3.03x106
0

2 .$7x146
El

2 .31x106
0

1 .96x106

1 .60x106
0

1 .24x106

8 .88x106

5 .32x106
0

1 .76x 10 6

Figure 7. Pressure held corresponding to kaput pressure 3 .03 MPa ( spew speed 10 RPM).

RPM = 40

0

		

Distance

	

1

Pressure profile In center line

Figure 8 . Pressure field corresponding to input pressure 6 .42 MPa ( screw speed 40 RPM) .
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4 .91x108
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Table 2- Calculated and experimental mass flow rate and pressure in die.

Screw Input Mass flow rate, Mass flow rate, Pressure Pressure Pressure Pressure
speed pressure experimental calculated by measured at 1st measured at 2nd calculated at 1st calculated at 2nd
(RPM) (MPs) (glsec) FEM (glsec) location' (MPa) location' (MPa) location (MPa) location (MPa)

10 3 .03 0 .105 0 .093 2 .17 0.45 2 .10 0.44

20 4.61 0 .215 0 .214 3 .25 0.65 3.22 0.67
30 5.69 0 .321 0 .326 3 .97 0.81 3.96 0.83

40 6.42 0 .425 0 .416 4 .48 0.93 4.48 0.93

50 7.13 0 .525 0 .513 4 .94 0.97 4.97 1 .04

60 7.72 0.629 0 .602 5.33 1 .10 5.36 1 .12

{ .) See Figure 2

data confirm the general applicability of the develop-
ed model in the analysis of the polymer melt flow in
extrusion dies.

CONCLUSION

Using powerful fmite element technique, we have

RPM = 60

develoepd a mathematical model for the three-dimen-
sional analysis of the flow of a non-Newtonian fluid
through the extrusion die . We have used the power-
law model to describe the theological behaviour of
the polymer melt. Comparisons of our numerical
results with the experimental measurements show a
good agreement between these sets of data. Therefore,
the developed model can very effectively cope

Pressure
7.72x108

6.81x108

5 .90x108

4 .99x108

4 .08x108

3 .17x108

2 .27x108

1 .36x106

4 .49x105
0

0
U
0

0

m
o

4 .485x105

	

I' I' I' I' I ' I'T' 1' I'I
0

	

Distance
Pressure profile in center line

Figure 9. Pressure field corresponding to input pressure 7.72 MPa ( screw speed 60 RPM).
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effectively cope with the simualtion of the flow of
polymeric fluids in the extrusion die and provides a
straightforward and reliable method for the analysis
of such problems.

NOMENCLATURE

Ge

	

Element domain
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