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ABSTRACT

The batch bulk isothermal polymerization of methyl methacrylate (MMA), in

which the initiation is achieved by the decay of an initiator and termination by
disproportionation is considered for modeling . According to the kinetic

diagram one can make a deduction of the mathematical model in terms of the
moment generating function and in terms of moments which give the

distribution of the molecular weights . In order to quantify the gel and glass
effects, the relations proposed by Chiu et al . are used [1] . The results given
by the two solving techniques, generating function and moments, are com-

pared and discussed . The comparison of the simulation and the experimental
data represents the model validation and thus a guarantee for its use in

various studies of polymer engineering.

Key Words : free radical polymerization, methyl methacrylate, moment generating function,

moment of molecular weight distribution

INTRODUCTION

The main conditions which must be fulfilled by a

mathematical model in order to be appreciated as a

good model are:
—To describe adequately the experimental data on a

range of conditions as large as possible.
—To be easily manipulated so to be useful in complex

engineering studies.
The development of the kinetic model of a

polymerization process has to pass over a series of
difficulties among which the most important are the

large number of molecular species, and consequently

a large number of non-linear equations, and structural
changes of the system due to the increase of viscosity

or the volume modifications.
To obtain a model .with a finite number of

equations which can be solved relatively easy, one
has to use moment generating functions or moments

of molecular weight distribution.
The reaction kinetic is significantly affected by

the increase of the viscosity, especially in homogen-
eous polymerization systems (mass and solution) . The

most sensitive to the increase of viscosity is the
termination rate constant, strongly dependent on the

diffusion of the macroradicals . Considering that the

(. 1 To whom correspondence should be addressed.
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termination rate constant diminishes on the whole
domain of conversion, one can observe an auto-
acceleration of the reaction, accompanied by an in-
crease of the polymerization degree, even in isother-
mal conditions (known as gel effect). At relatively
high conversion, the propagation rate constant lowers
and the polymerization tends to stop before the mono-
mer is wholly consumed (glass effect).

The models proposed for these phenomena are
represented by empirical correlations of rate constants
with different parameters of the system [2, 3], or are
based on molecular theories of the diffusion [1, 4, 5].
Even the latter approaches contain empirical para-

meters, which make the model flexible and applicable
to the experimental data . On the other hand, some
models introduce diffusional restrictions upon the rate
constants, on different intervals, so that there appears
interrupting points in the model [6—8] . Others are
continuous models [1], which are recommended for
engineering studies such as simulation, optimization,
control or sensitivity analysis.

The model proposed by Chiu [1] is one of the
most used models based on phenomenological
aspects . The diffusional limitations have been con-
sidered as component part of the termination process.
Although it contains adjustable parameters, the model
is often used because it does not have discontinuity
points and its results make the experimental data to fit
reasonably in different reaction conditions.

Achilias and Kiparissides [9] extended the
Chiu's model with several parameters estimated dire-
ctly from experiments . They used the diffusion theory
of Vrentas and Duda [10].

Recently, Ray et al . have proposed a model for
the MMA polymerization, useful in batch or semi-
batch operating conditions [11] . The equations
expressing the change of diffusion coefficients are
written upon the Vrentas and Duda's theory of free
volume [10], being then simplified according to
Chiu's method.

The modeling and simulation of the MMA
polymerization have been often approached . Thus the
literature offers kinetical models written in various
forms resulting from approximations [6, 8, 12], diff-
erent relations for the gel and glass effects, different

values for kinetic constants and, of course, very
diverse experimental data.

The present study realizes a satisfactory integ-
ration of these aspects.

Kinetic Model
The mathematical model of radical batch bulk iso-
thermal polymerization of MMA is based on the
following kinetic diagram:
Initiation:

I 1---► 2R '

R. + M —J--r P'

Propagation:

Termination by disproportionation:

+Pm1--L--►D.+Dm

	

(4)

where I is the initiator, R' the initiating radical, M

the monomer, P ; polymer radical which consists of a

structural unit, Pn the growing macroradical with n

monomer units and Da is a dead polymer with n
monomer units.

The decomposition of the initiator follows the
relationship:

--

	

Tkdt (5)
t

or

I = 1 0e-kdi (6)

where 10 is the initial concentration of the initiator.
From eqns (2) and (3), the material balance

equation for the monomer concentration results:

dM =—k i MR ' —k p MEPn
dt

	

a _ l

(I)

(2 )

(3)

(7)
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The conversion equations of the radical con-

	

The monomer concentration is obtained from:
centrations are:

di• =2fk d 1–k;R' M

dPi =k . MR ' –k p MPi –k,P1 EPS
dt

		

n-1

=k p MPn_I –k p MP: –k t P: Pe
t

	

n.l

If one assumes the quasi-steady-state approximation
for the initial radicals, it results:

dR' = 0

	

v ;,, = k;R'M = 2fk dl	(11)
dt

- =–2fk dl –k pMH(l,t)
dt

The model neglects the decrease of initiator
efficiency, (f), and variation of the volume during the
process, but it considers the variation of the termin-
ation and propagation rate constants resulting from
the gel and glass effects [1]:

_

	

Ck,

	

k 1° (17)
C+0 1 k 1° H(l,t)

Ck – k (18)p

	

p° C+9 p k p,,H(1,t)

( 8)

(9)

(16)

.

where v;n is the initiation rate.
Let us define the generating function, H(s, t), of

the polymer active species :

where the

	

parameter C

	

is correlated

	

with

	

the
conversion of the monomer, x, by:

logC=

	

1–x
( 19)H(s,t)=Esn P„

	

(12) A+B(l–x)
„-I

s being a formal parameter.
For s = 1:

H(l,t)=EPn

	

(13)

The characteristic migration times for term-
ination, 0„ and propagation, 0 p , are given by the
relations:

0°
n=1 0, = I

t
exp[E et

	

(RT)] (20)

which it would then represent the total concentration
of radicals . 0 p =9p exp[Ee p / (RT)] (21)

The eqn (10), in which n=1 to m, multiplied by
s” are mathematically processed to obtain the deriva- A=C 1 –C 2 (T–Tn,) 2 (22)tive with respect td time of the moment generating
function :

DP ioa1 (23)
PH(s,t) -2fk

d ls– k p M(1– s)H(s,t) – k 1 H(s,t)H(l,t)
0t

n

	

1_q

(14)

The total concentration of radicals, H(l, t) can
be obtained from eqn (14) being :

A, B, C, C 1 , C 2 , are terms in diffusion equations and
Tpp is the glass transition temperature of the polymer.

The instantaneous numeric and gravimetric
degrees of polymerization are calculated as follows:

Mt' =
1+q (24)
1–q

dH(l,t) =2fk d 1–k,H 2 (I,t)

	

(15)
dt
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where q represents the probability of propagation
calculated as :

d2,0- - 2lk d l—kAdt (33)

q k p M+k 1 H(1,t)
d~l =2tk d I+k p M 0 (I—x)2, 0 —k,2 0 2.,

	

(34)
dt(25)

kDM

The cumulative degrees of polymerization can
be computed by solving the following integrals :

d2.2- -2fkd 1+k P M 0 (1—x)(22., +2. 0 )—k t 2.0 2.2
dt

(35)

DPmm _DP
:
" x

(26)
dx

DP°„
am

= 1

DPnn'

1DPwrt dx (27)
x 0

dµ,
- =
dt

	

k,2. 0 2. 1

dp.o =k
2

2

dt

	

0 (36)

(37)

The moments for the molecular weight distri-
bution of the macroradicals are defined :

dat
=k,ho2 . 2 (38)

k

2 k = I s~~ H(s,t)] =

	

n k P,;

	

(28)

Similarly, we can have a generating function of
the dead chains:

G(s, t) = Es'D a

	

(29)
n=1

and the moments µ,, (k=0, 1, 2) for the molecular
weight distribution of the polymer:

G(s,t)

	

=

	

n k D,,

	

(30) '

s-1

	

n=I

From eqns (5) and (16) and by the derivation of
the eqns (28) and (30) in relation with time the
following model in terms of moments is obtained :

dl
—= —hot
dt

(31)

dM =—2fk d l—k p M~X O
dt

(32)

11(1, t) was replaced with ko, from eqns (13) and (28).

RESULTS AND DISCUSSION

In order to calculate 1, H(1, t) and M, we did solve
numerically the system of differential eqns (5), (15)
and (16) using a program for Stiff equation written in
Fortran and a Pentium Computer at 120 MHz. The
integration was made with a variable step calculated
within the numerical algorithm . Then the instantan-
eous degrees of polymerization were obtained from
eqns (23) and (24), as well as the cumulative values
of the polymerization degrees using the eqns (26) and
(27) .

The rate constants, the parameters describing
the gel and glass effects, and the properties of the
reaction mass are given in Table I.

The first simulation was made at' T=70 °C,
I 0=25 .8 mol/m3 and the results are presented in
Figures 1-3.

Figure 1 shows the dependence of monomer
conversion on time . One can note that the reaction is
almost complete in 50 min . The sudden increase in
monomer conversion at a transformation degree of

k =
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Table 1 . Parameters used for MMA polymerization'[1, 12,
18).

Parameter Constant value

Ke° I .053x1015 s

	

(for initiation with AIBN)

k p 4 .917x102 m 31(mol s)

k~ 9 .8x104 m 3l(mol s)

Ed 1 .2845x105 Jlmol

Ep 1 .822x 104 Jlmol

Et 2.937x103 Jlmol

f 0.58 (A1BN)

8 0 .03

C l 0.15998

C2 7.812x10-5 K-2

Tpp 387 K

et 3.99822x10-12 s

E0p 1 .02451 x105 Jlmo1

0? 2.8883x10—18 (mol s)lm3

E0t I .48924x105 J1mol

Ice kd exp(-Edl(RT))

kP k°p exp(-E tl(RT))

k p o I

	

k°po exp(-Epl(RT))

about 30%, is attributed to the fact that the diffusion
controls the reaction beyond this value. The decrease
in the termination rate constant results in a steep
growth of the reaction rate due to the increasing
number of free radicals in the system . The maximum
conversion attained in these conditions (T-70 °C,
I0=25 .8 mol/m3 ) is 98% and the onset of gel effect
corresponds to a conversion of 30% (critical conver-
sion in Figure 1) [13j.

Figure 2 shows the variation of the instant-
aneous numeric and gravimetric molecular weights
with the monomer conversion . For a conversion over
30%, the molecular weight shows an increase with an
order of magnitude by virtue of the decrease of
termination rate constant (gel effect) . Moreover, this
decrease results in more steps in the propagation
phase. The subsequent decrease of the molecular

0.8

0
a 0 .6 -
c
8
E 0.4 -
0
o

	

t
02 -

0.0 '
0

	

50

	

100

	

150
Time (min)

FIgure 1 . Conversion-lime curve for MMA at 70 °C and
1 0 5 .8 moUm3.

weight, with about two orders of magnitude, appears
since the propagation rate constant lowers when the
glass temperature is reached (glass effect) . One
should note also that the two instantaneous molecular
weights (Mn and Mw) are parallel over the entire
range of conversion, meaning that the instantaneous
chains have a constant polydispersity, (Qn2), as a
consequence of the disproportionation mechanism.

The cumulative molecular weights show a
similar tendency, but the Mwm , increases more
quickly than

Mnum
(Figure 3).
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Figure 2 . Dependence of Mn
nst

and M+w
int

on MMA

conversion at 70 °C and 1 0=25 .8 mol/m 3 .
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25 to determine the numeric and gravimetric polymer-
ization degrees, as it follows:

20
DPanm=	 a l +p l

DPS1'n = ~d +I1 2

11 + 11 1

(39)

(40)

M,r

0.2

		

0 .4

	

0 .6

	

0 .8

	

1
Monomer conversion

Figure 3 . Dependence of
M0

and Mw m on MMA
conversion at T=70 °C and 10=25 .8 mol/m3.

As one expects, the significant increase in the
cumulative molecular weight takes place in the first
50 min due to the monomer conversion leaped to
about 80%, in this period (Figures 1 and 3).

Another possibility for obtaining the monomer
conversion and the molecular weights consists in
solving the model written in terms of moments (eqns
(31—38) and eqns (17, 18) which are considered for
the variation of the kt and k P values) . In the eqns (17)
and (18), H(l, t)= A . The moments X and are used

In Figures 4 and 5 the results obtained by the
two methods are compared (integration by generating
functions and by moments) . The monomer conversion
obtained by these two solving techniques are iden-
tical, so it is not presented.

Figures 4 and 5 show a better consensus of the
obtained data concerning the numeric average mole-
cular weight and the polydispersity index. The
important growth in M., depicted in Figure 3
generates an increase of the polydispersity . More
conspicuous differences reveal the values for the
gravimetric average molecular weight. These discrep-
ancies can be attributed to the numerical algorithm
that approximates the computation.

For a monomer conversion beyond 90%, the
polydispersity shows a sharp increase because of
short chains formation, as the concentration of the
free radicals is lower (Figure 5).

25
25

20-
iw 2

1

	

Mn

	

2

15

0

10

20
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50

	

100

	

150
Time (min)

Figure 4. Average molecular weights-time curves obtained
by the method of moments (1) and the method of the
generating functions (2) at T=70 °C and 10=25 .8 mollm3 .
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0 .6

	

0 .8
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Monomer conversion

Figure 5 . Polydispersity-monomef conversion curves
obtained by the method of moments (1) and the method of

generating functions (2) at T=70 °C and 10=25.8 mollm 3 .
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Figure 6 . Comparison between simulated (solid line) and
experimental data (o) [14] at different temperatures and
10=25.8 moilm 3 .

Any model must be validated by comparing
with the experimental data corresponding to the
simulated conditions.

Balke and Hamielec [14] have given a comp-
lete set of experimental data for a large range of
reaction conditions, which can be found in many
recent studies. Using these experimental data together

0.2

	

0.4

	

0 .6

	

0 .8

	

1
Monomer cortversilion

Figure 7 . Comparison between average molecular weights
obtained by simulation (solid line: generating function;
dashed line: moments) and experiments (o) [14] at T=70 °C,
10=27 .14 moVm 3.

with those obtained by solving the model one can
draw Figures 6 and 7 . The results of the model,
regardless of what solving method is used, estimate
well the conversion data at 70 and 90 °C (Figure 6).
The differences which appear for T=50 °C are due to
the supposition of constant volume. The dashed curve
in Figure 6 is the result of the simulation on a model
in which the volume contraction during the polymer-
ization was considered [15] . Figure 7 represents the
variation of the numeric and gravimetric average
molecular weights for T=70 °C and I0= 27.14 moVm3 .
One should note a good agreement between simul-
ation and experimental data.

CONCLUSION

A kinetic model for batch bulk free radical polymer-
ization of MMA, in a relatively simple form, was
deduced . The model was written in terms of moment
generating function and in terms of moments of mole-
cular weight distribution . The model was completed
with relations which quantify the gel and glass effects
and a series of numeric values in order to obtain a
satisfactory approximation of the experimental data.

–Analyzing the results provided by the two
types of processing methods (the method of moments
and the method of the generating functions) one can
say that they are comparable . The choice of the
appropriate method of calculation, whose predictions
are closer to the available experimental data, depends
on the incidental differences that might appear.

– Alternatively, one can choose the more con-
venient method by taking into account the complexity
of the required calculation . In this respect, the method
of moments has an eight-equations (31–38) system to
be solved . Its predictions are the temporal profiles of
the initiator concentration, monomer conversion, and
of the numeric and gravimetric average molecular
weight . On the other hand, the method of generating
functions contains only three differential eqns (6),
(15) and (16) . It yields the temporal variations of the
initiator concentration, monomer conversion, and of
the instantaneous molecular weights . In order to
obtain the cumulative molecular weights of the

0 .0
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polymer one should solve some integrals in the
considered monomer conversion range.

The selection of one of these methods should
be done taking into account several criteria, such as:
the expected results, the agreement with the experi-
mental data and the availability of adequate software
and hardware facilities.

–The main purpose of this article is to offer to
the chemical engineers a simple and precise model,
and with good results useful in different other studies.

SYMBOLS

A, B, Cl , C 2 , C Terms in diffusion equations for
propagation and termination rate
constants.

Dn	Dead polymer molecule with n
units of monomer.

DP93`, DPr Instantaneous numeric and gravi-
metric average degree of polymer-
ization.

DPP', DP:' Cumulative numeric and gravi-
metric average degree of polymer-
ization.

E d , Ep, Et ,

	

Activation energies of initiation,
propagation

	

and

	

termination
(J/mol).

Ep p , Eei ,

	

Activation energies for 9p and 9 t

(J/mol).
f

	

Initiator efficiency.
H(s, t)

	

The generating function of the
polymer species.
Initiator concentration (mollm).

Icd	Rate constant for initiation (0).
k i	Propagation rate constant for pri-

mary radical (m 3lmol s).
kp, kt Rate constants for propagation and

termination in the presence of gel
effect (m 3 /mol s).

k pn, kM Rate constants for propagation and
termination in the absence of gel
and glass effect (m3 /mol s).

kd, 14 k,°o

	

Frequency factors for rate constant
of initiation, propagation and

termination in the absence of gel
and glass effects (m3/mol s).

M

	

Monomer concentration (mollm).
M ta' t M„me

	

Instantaneous numeric and gravi-
metric molecular weight.

am ,Mw Cumulative numeric and gravi-
metric molecular weight (Mn ,
Mwm without superscript refers
cumulative molecular weight).

Pn

	

Macroradical with n units of
monomer.
Primary radical.

R

	

Universal gas constant (J/mol K).
Q

	

Polydispersity.
q

	

Probability of propagation.
T

	

Temperature (K).
Tap

	

Glass transition temperature of
polymer (K).

t

	

Time (s).
x

	

Monomer conversion.

Greek Letters
9 t , 9 p	Characteristic migration times (s).
9° 9p

	

Pre-exponential factors for 9t (mol .s/m)
and 9p (s).

}t3

	

k-th moment of all dead polymer species
(mol/m).

kx

	

k-th moment of all polymer radicals,
(mollm).

Subscripts
0

	

Inlet value or value in absence of gel and glass
effects.

Superscripts
0

	

Pre-exponential value.
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