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ABSTRACT

This article presents a model for the filling of cold cavities with solidifying,
semi-crystalline viscoelastic polymers . Based on this model, prediction on
the extent of wall solidification, skin crystallization and pressure drop as
functions of processing conditions during filling are presented . The
mathematical model considers two-dimensional creeping flow and
three-dimenslonal transient heat transfer, coupled with the White-Metzner
viscoelastic constitutive model and the Nakamura nonisothermal
crystallization kinetics model. The resulting set of partial differential equation
is non-linear, since the material properties are function of processing
conditions . Geometry-adaptive body fitted curvilinear coordinates are used
for the discretization of the flow field and the resulting set of finite difference
equations is solved using iterative methods on curvilinear structured
meshes . The numerical model Is presented in some detail and the obtained
solutions are extensively validated by comparison with analytical results and
by mesh refinement . Simulation results show that wall solidification during
filling is mainly affected by conductive cooling to the mold walls and, to a
lesser extent, by convective heating due to polymer matt flow . The level of
surface crystallinity at the end of the filling stage depends on the prevailing
heat flux conditions . The temperatures at the surface of the cavity during
filling are largely unaffected by the fountain flow effect.
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INTRODUCTION

Computer modelling has been used extensively in
the past as a means of gaining a better under-
standing of the thermomechanical history
experienced by the polymer during the injection
molding cycle. Significant contributions in this area
have been made by Kruger and Tadmor[t], Kamal
and co-workers [2-91, Gogos et al .[10], Mavridis et
al .[11], Hieber et al.[12,13], Shen [14], and Chiang
et al . [15] . Modelling has been approached as a
necessary and essential step in understanding the
relationship between processing and property in
injection molded parts and therefore as a tool in
improving their properties by optimum mold
design . Previous modelling work has analyzed a
number of important features of the process, such
as the fountain flow, the effect of rheological
properties of the polymer and the presence of
complex geometries . However, even though
previous modelling work has identified the three
dimensional nature of the heat transfer problem
and supplied solutions in three dimensions [161,
wall solidification and its effect on the parameters
of the filling process, such as pressure drop and
pressure build-up at the gate, have not been
addressed satisfactorily at the modelling level-with
exceptions in the analytical work of Richardson
[17], the numerical work of Kamal et al .[2], which
predicted a slightly converging flow across the
thickness of the cavity as a result of the
non-uniform reduction in cross-sectional area
because of solidification and the work of
Papathanasiou and Kamal [91, which predicted a
small effect of wall solidification on the pressure
variation at the gate during filling of a
complex-shaped mold with high-density poly-
ethylene.

The primary objective of this article is to
address the phenomenon of wall solidification
during filling of thin, cold cavities and its
interaction with the dynamics of the polymeric
flow. In particular, we are interested in quantifying
the effect of cooling rate on the extent of wall
solidification and on the pressure drop in the
cavity . We also model the development of

crystallinity on the surface skin of solidified
polymer using the model of Nakamura et al . [18].
For fast crystallizing polymers, such as the high
density polyethylene used in this work, lack of
crystallization rate data for high undercooling is
the main obstacle for reliable quantitative
predictions. In this work we use the experimentally
obtained crystallization data for high density
polyethylene [191 . Wherever crystallinity
predictions are reported, the cooling conditions are
such that the surface temperature everywhere
within or close to the range of validity for the
crystallization rate data in [19] . The obtained
surface crystallinity profiles are thus reliable, at
least semi-quantitatively.

Overall, this simulation problem requires the
solution of a three-dimensional transient thermal
problem in the region of the mold occupied by
melt at every instant during filling, coupled with a
transient viscoelastic flow problem that includes a
moving free surface . The present model combines
a two-dimensional flow analysis with a three
dimensional stress analysis based on the
White-Metzner constitutive model and a three
dimensional thermal analysis, including wall
solidification and the development of crystallinity
within the solidified layer . Good resolution of the
thermal profiles near the wall is essential, and this
is achieved by use of graded meshing in thickness
direction. Solution of the model equation is sought
numerically, utilizing body fitted curvilinear
coordinates (BFCCs) for the discretization of the
flow field ; BFCCs have the attractive feature of
allowing rigorous discretization of complex flow
fields by transforming a region of general time
dependent shape (such as the part of the cavity
occupied by flowing melt) into a time invariant
rectangle. Geometry-adaptive BFCCs have been
used successfully in the past for the modelling of
the filling stage of injection molding [8,16] . Upon
transformation into the new coordinate system, the
model equations are discretized and solved on a
rectangular mesh, without approximation errors at
curved boundaries or the need for the extensive
book-keeping associated with the marker-and-cell
techniques on a fixed mesh.
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Besides addressing the particular issues of
wall solidification and crystallization, the solutions
presented in this article and the associated
computer programs and methodology are essential
components of an integrated effect toward
property-oriented modelling of the complete
injection molding cycle . Because of the sequential
nature of the process, the quality of the predictions
of a filling code are detrimental for the accuracy of
any post filling prediction regardless of the
numerical quality of the employed past filling
programs . In particular, knowledge of the complete
three-dimensional distribution of temperature and
crystallinity at the end of filling is essential input in
a property-oriented modelling of the packing and
cooling stages of injection molding and, ultimately,
in any attempt to predict final product quality and
properties.

THE MATHEMATICAL MODEL

Momentum Transport
The kinematic analysis considers two-dimensional
flow in the plane of the cavity using gap-averaged
velocities and melt properties . Assuming inertialess
flow and decomposing the deviatoricstress tensor
(T) into viscous (piD) and elastic (S) parts,

T= S + /ID

	

(1)

results in the following system of elliptic partial
differential equations:
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where the right-hand side in equation (3) accounts
for the elasticity of the melt . In the above model,
the vorticity equation is cast in a quasi linear form,
valid for smooth flow fields and not strongly
non-isothermal conditions . The condition of
smooth temperature fields (in a gap-averaged
sense and in the plane of the flow) has been
confirmed to hold in the simulations presented in

this work for most of the cavity, with a possible
exception of a small region around the gate.
Throughout this paper (x) and (y) define the plane
of the flow, while (:) indicates the direction along
the thickness of the cavity. These are shown in the
diagram of Figure 1 . The boundary conditions for

and w at the gate can be derived from the
defining equations assuming a fully developed
power-law velocity profile. On the solid walls tp =
constant and the vorticity is evaluated as:

(w)w = -V2(1 )w

	

( 4)

where the subscript w indicates differentiation
along a solid boundary. No flow passes through the
free surface and this results in the condition:

{

	

}s =0

	

(5)

where the subscript s indicates the free surface.

Heat Transfer
The mechanisms of heat transfer that are
considered in this study are convection in the (0)
plane and conduction in the thickness direction.
Since conductive cooling is prominent, the energy
equation is intrinsically three-dimensional . Heat
convection in the thickness direction is ignored and
the energy equation becomes:

p,cr_[ am +u a® +v• av ] _

4) + [V(icVe) +

	

(K3? )l

	

(6)

where 8 is the temperature and 4) is the heat
d issipation term given by:

4) = T :Vu

	

(7)

The material propertiesp, Cp and IC are those of
an injection molding grade high density
polyethylene (Sclair 2908). The density p has been
determined experimentally by Lafleur [19], and
expressed as a regression polynomial of the form:

p=RD +R, P+R2 • P2

(2)

(3)
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x
Fig. I . Curvilinear mesh created by the filling code during the simulation of the fitting of a rectangular cavity and
the coordinate system used.

where Ri are functions of temperature given in
Table 1 . The thermal conductivity IC (in
callcmisl'C) is represented by the following
regression polynomial:

K K0+KI F]+K2 . O2

while the specific heat Cp of the melt (in callgrtK)

Table I . The coefficients for the temperature and
pressure dependence of polymer density used in the
model [19].

BCC) Ro R 1 *109 R 2 "1015

140 0.7998 L0233 -4.0255
150 0 .7931 1 .1237 -5.4321
160 0 .7907 0 .9660 -2.8536
170 0.7852 0 .9726 -2.7977

180 0 .7773 1 .1235 -4.6572
190 0 .7729 1 .0173 -2.9544
200 0.7659 1 .0518 -2.9914

is only slightly influenced by temperature:

Cp=Co+C1 •e

The coefficients Ci and Ki have been determined
by Lafleur [19], and are given in Table (2) . The
thermal boundary conditions are : (i), constant and
uniform entrance temperature ; (ii), a heat flux

Table 2. The coeffidents for the thermal conductivity
and specific heat models for the polymer melt used
[I9].

Temperature Range Constants

20 ' C<8<133 'C Ko=12 .315
K1 =-0 .2722
K2 = 8.712.'10-3

133 'C<8<200 'C Ka=-6 .339
Kl= 0 .2251
K2 =-1 .357* 10-3

320 ' K<9<500 'K CO2 =- 0 .1748
C 1 = 8 .679*10'
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condition on the mold walls:

qK(2)wh . AO

	

(8)

with K and h being the thermal conductivity of the
melt and a heat transfer coefficient between the
mold and the melt respectively, and (iii), adiabatic
free surface . It has been proposed that the
temperature of the free surface nodes is set a
priori equal to the temperature at the mid-plane
[16], in order to simulate the effect of the fountain
flow on the thermal (and solidification) profile
near the free surface . in this work, both types of
boundary conditions have been used and their
effect on crystallinity predictions as well as on the
extent of wall solidification is discussed in the
following section.

Crystallinity Development
The development of crystallinity within the skin of
solidified polymer during filling is modelled using
the non-isothermal crystallization kinetic model of
Nakamura et al [18] . In integral form, and assum-
ing that secondary crystallization is negligible, this
model is:

x,(t) = xnf • [ 1 . 0 - exp[-( Jo K(e) . r]]

	

( 9 )
where xc(t) is the weight percent crystallinity at
time (t), m is the Avrami exponent and K(0) _
k(0) l " . A comprehensive study of the
crystallization behaviour of two commercial
high-density polyethylene resins was presented in
[20] . The Avrami exponent in for the high density
polyethylene Sclair 2908 employed in this study is
m = 2 . The isothermal crystallization rate constant
was determined experimentally through DSC
experiments by Kamal and Lafleur [21] . In the
temperature range between 112 ' C and 122 'C its
dependence on temperature was found to be well
expressed by the following polynomial:

ln[k(e)] = -406 .66+2 .5981 x0 -0 .004XB2 (10)

with 0 in K.
The ultimate crystallinity (nin f) is a function

of temperature, approximated by the following
polynomial [21]:

xi,rf =Aa+Ar x 0+A2 x 0 2

	

(11)

with 0 in C. The parameters Aa, A, and A2 are
given in Table 3 . According to this model the
ultimate crystallinity shows a maximum at
approximately 114 'C and then decreases sharply as
the temperature increases further.

The Constitutive Model
The relationship between flow kinematics, fluid
properties and stresses is modelled using the
White-Metzner model, a modification of the upper
convected (or cant ravariant) Maxwell model that
allows for shear and temperature dependent
viscosity (,u) and relaxation time (A) . In compact
tensorial form this is:

T +flat +u•OT - TL - LT T] 2lsD

	

(12)

where D,L and T are the rate of deformation,
velocity gradient and stress tensors respectively.
The components of D and L are defined as:

D~1_ (Lii+Iii)
2

_ aui
al

In equation (12), u is the velocity vector and the
term in brackets is the upper-convected or
codeformational material time derivative which is

Table 3. The coefficients for the po y,wmial feting of

ultimate crystallinity used in the model [19] .

Temperature Range Coefficients

80 'C<0<114 °C Aa=97.806

Al =-1 .462

A2 = 0.0100

114 ' C<e<121 ` C A:,=2223 .2

A, =-34.274

A2 =4.1344

(13)

(14)
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frame invariant [22,23] . The relaxation time % and
the viscosity ,u are usually connected through a
modulus (G), so that A=,u/G. In the simulations
performed in this work the modulus G was taken
as 10 5 Pa [2] . Under these conditions, the
maximum Weissenberg number, defined as We =
%U[H where U and H indicate the characteristic
velocity and length scale of the flow, was of the
order of 1 . The viscosity is a function of
temperature and deformation, and at shear rates
above 1 s•' follows a power law form:

,u(n,e)=A exp(AEIRD) • (812)(I .W2	(15)

where n is the power-law index and II is the
second invariant of the rate of deformation tensor
given by:

II=
2

r(D 2 )

	

(16)

The parameters in equation (15) are [9]:

A = 2.285 Pa.s "
n = 0.755

HEIR = 3158 .2 K

Calculat :an of Pressure
The pressure can he recovered from the known
stress and velocity fields by means of equation (17):

qZP=a2T=+any+a2I'"
+ a2lr= + a 2 ~=r

ax2

	

aY2

	

ax aY a= ax ax ay

(17)
qn the solid walls, the normal pressure gradient
vanishes:

(ands = 0

	

(18)

while at the free surface P=0 . At the gate, the
local pressure gradient is:

aa—P
=[2Q(s+2)Ib2 W](le`) (2/b) A exp(AEIRe)

(19)
where b and W are the thickness and the width of
the cavity at the gate, Q is the melt flow rate at the

gate and (s) is the inverse of the power-law index.

Advancement of the Free Surface and Mesh Gen-
eration
The movement of the free surface is governed by
the kinematic condition:

{dr )s = us

	

(20)

x and u are location and velocity vectors of the
free surface nodes, respectively . Based on the
known velocity of the free surface at time (t), the
new location at time (t+dt) can be calculated from
equation (20) . Following that, the computer code
rearranges the boundary points as well as the
nodes on the free surface in a way that ensures
continuous generation of acceptable, smooth
meshes . With the location of the boundary points
known, an elliptic grid generator (integrated with
the tilling code) creates an elliptic mesh on the
region of the cavity that is occupied by the melt.
The node locations at the previous time step act as
initial guesses, and the iterative solution of the
mesh generating equations converges in a small
number of iterations . Figure 1 shows a sample
mesh generated during the filling of the mold . The
mesh generating equations are:

a(-a

	

2fi(a

	

+ (21)a~x ) = 0z) -

	

ll)

	

Y(

a(—) 2P( aa„1) + Y(th12 ) = 0 (22)

where a, `3, y are defined as:

a=(a—x1)2+(a-)2 (23)

a
(24)

49

	

an

	

a

	

ail

y = ( —2 + (—2 (25 )

The Jacobian J of the coordinate transformation is
given by:

ax

	

ay

	

ay

	

3x

	

(26)

Equations (21) and (22) are discretized on a
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uniform square grid defined by the curvilinear
coordinates , and solved by a successive relax-
ation algorithm. Their solution supplies the coor-
dinates (x,y) of the grid nodes at the new time step.

Transformation of the Model Equations in Curvi-
linear Coordinates
Introduction of the curvilinear coordinate system
(4' , 71) transforms the problem from one defined
on an arbitrary domain that changes with time into
a problem defined on a time-invariant rectangle.
The governing equations need to be appropriately
transformed in the new coordinate system . This
involves transformation of the spatial as well as of
the temporal derivatives . The appropriate
transformation relations have been presented by
Thompson and coworkers [24] . For the sake of
completeness, the transformed form of the model
equations follows:

A2tp = -w (27)

A2w = -SAS) (28)

• £ ®= cb+K(,y9) .pCp

	

[A2e+(a )] (29)

A2 P = Y(T) (30)

Where A is the transformed form of the Laplacian
operator on the - y plane

A = [a
02

7
-2i3ao?1

+ ya12 ]/J 2 + (02) a +

(V217)a— (31)

and C is the transformed form of the generic
convective operator (C = alar + u .alax +v.alay)
which appears in the heat transfer equation as well
as in the constitutive model.

. ay
£ = +J-t [urel( l ) - veer{an )](—& + J .1 [vrei( at) -

urel(a )](a ) d

	

(32)

In equation (32),-E is the temporal derivative with

respect to the stationary domain ( , ?I) . Keeping in
mind that the computational mesh moves in real
space as it follows the advancing interface, uier and
vret (the relative velocities of the melt with respect
to the moving mesh) are introduced in equation
(32) . Q(S) is the transformed form of the right
hand side of equation (3), and Y(T) is the
transformed form of the right hand side of
equation (17) . Transformation of the constitutive
model to the curvilinear coordinate system involves
only transformation of first order spatial
derivatives . The transformed form of the
constitutive model is omitted for the ease of
presentation . Because of its hyperbolic type, only
first order derivatives are involved, whose
transformation in the curvilinear system follows:

= [{3)(a) {a)(3t

ay

	

ail iX

	

a

The transformed form of the spatial derivatives
introduced in equation (27)-(34) as well as those
needed in the constitutive model has also been
given in [24].

Numerical Implementation
The governing equations (transformed in the
curvilinear coordinate system ( , r7) are discretized
on a uniform square grid using finite differences
and solved by a Gauss-Seidel (GS) iterative
algorithm on a Convex C-220 vector mini-super-
computer and a RISC work-station (IBM-9301
6000) . The planar discretization of the momentum
equations (27) and (28), the pressure model
(equation (30)) and the energy equation (equation
(29)) is straightforward . In the following, we
comment on certain aspects of numerical
implementation.
Numerical Algorithm and Computer Hardware
The Gauss-Seidel method used in this work is
characterized by an asymptotic spectral radius of
convergence equal to I . -n 2 1N 2 , where N is the
leading dimension of the computational mesh.
Even though this represents an improvement by a
factor of two in the number of iterations required

(33)

(34)
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for convergence over its parent Jacobi algorithm,
the GS method is still inefficient and often
impractical, particularly for large meshes.
Simultaneous over-relaxation with Chebyshev
acceleration is an attractive alternative, with the
number of iterations required for convergence
being linearly proportional to the leading mesh
dimension N, as opposed to N 2 in the Jacobi and
GS methods . However, since the computational
meshes used in this study never exceeded the
100x100 size, the GS method was sufficient for
our purpose, although it is clearly a far from
optimum choice . Another issue of interest is the
relative performance of the Jacobi and the GS
methods on machines of different architecture.
The GS algorithm is not fully vectorizable due to
dependencies inherent in its coding . Consequently,
use of this method on vector computers such as the
Convex C-220 resulted in approximately 30 percent
higher program execution time as compared to the
Jacobi method, even though the actual number of
iterations required for convergence is lower.
Notice that both algorithms require approximately
the same number of floating point operations per
iteration, so this is definitely an effect related to
the architecture of the computer . Things are
reverse on scalar machines, where the GS method
requires less computational time (approximately 45
percent savings in overall execution time on an
IBM-930 RISC/6000 computer)as compared to the
Jacobi method.
Upwinding
The constitutive model (equation (12)) is
discretized using the QUICK upwinding scheme
[25], in order to improve the stability of the
numerical solution . The same scheme has been
used successfully in simulations of viscoelastic flows
in complex geometries [26[ . According to that
scheme, the first-order derivative at a point (i,j) is

approximated by:

(

	

)v = ( 3f:.i

	

3f+1, - 7f-1 +f-zl) 18h

	

(35)

with a similar expression holding for the derivative
in the (j) direction.
Wall Vorticily Evaluation

Transforming the vorticity equation in curvilinear
coordinates, and assuming non-slip boundary
conditions on the mold walls, it can be shown that
equation (4) reduces to :

(36)

a discrete form of which is:

w,, = 21.2
a [Ow+t - Vwllh 2 (37)

Diseretization Across the Cavity Thickness
The numerical representation of the derivative
( a 2e /a:2) (or, equivalently, the discretization of
the flow domain in the thickness direction) is
accomplished by considering a graded mesh in the
z-direction:

dxi+l = r' dzi

	

0<r¢ 1.

	

(38)

A graded mesh is an efficient way to
concentrate nodal points in regions of interest,
without the need to finely mesh the whole domain
and thus unnecessarily increase the size of the
discrete problem . Using such a non uniform mesh,
the discrete approximation of 0 2 (302 2 ) at the ith
node is:

2

(

	

=2 )i = b1 - (ci . Di +

	

- of + di ®;_1) (39)

where:

bi = 2ldzildri_l (40)

ai = dzi + dzi_ l (41)

C i = (42)

di = dzilai (43)

There is a limit, however, to the degree of
mesh refinement near the wall imposed by stability
requirements for the time-marching scheme used
in the numerical solution of the energy equation.
Von-Neumann stability analysis [16,27], shows that
a stable time increment for the energy equation
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must satisfy:

qt s [tar l(A c) .2 + (Ay)-2 + (k) + u (Ax) -f +

v (Ay) -t]'f (44)

where at is the thermal diffusivity of the polymer
melt, with a typical value of 0 .0015 cm 2s- t . In
situations of very dense mesh near the wall, the
term 2a1 (AZ)-2 dominates and an approximate.
expression for a stable time increment becomes:

s [2a1(A:)-2]-t

	

(45)

For a mesh size near the wall approximately
1% of the cavity thickness (0 .0013 for the cases
studied in this work) this results in maximum
allowable time step around 0.00056 s . For a filling
lasting 1 sec, this would require approximately 1800
time steps . A reasonable way to avoid excessive
execution times is to use a fixed time step for the
advancement of the flow front and internal
variable time-stepping for the solution of the
energy equation. This approach was followed in
this work.
Numerical Irnplementaiion of the Zero Flux
Boundary Condition
The transformed form of the normal derivative
aFlan in the curvilinear coordinate system, where
F can be the pressure, temperature or stream
function, can be obtained by considering the
two-dimensional form of the general trans-
formation relations given in [24]:

( ori) ° [a a

	

]+'(~ . a)] r2

	

(4f)

for a derivative normal to a () line and:

(—an

	

[Y al -13 . a 1/0- Y)''

	

(47)

for derivative normal to a (aj) line, such as the free
surface . a,fl, y are given by equations (23)-(25).
Using first-order one-sided finite difference appro-
ximations for the derivatives in (46) and (47), one
obtains the following discrete approximation of the
generic zero-flux boundary condition 3Fl an = 0:

FJ = f'[Fr+I -F~3 ]C2 .la +

	

(48)

where the subscripts w and w -1 indicate boundary
and adjacent to boundary values, respectively. A
similar expression holds for the derivatives normal
to an (rj) line.

RESULTS AND DISCUSSION

The model equations presented in previous
sections are solved as indicated in section
Numerical Algorithm and Computer Hardware.
The material properties used in the results
presented in this section are those of an injection
molding grade high density polyethylene and have
been presented in section Heat Transfer - The
Constitutive Model.

Model Validation
The accuracy of the numerical procedure is tested
by comparing numerical results to exact solutions
that are available for certain limiting cases . The
convergence of the numerical solutions with mesh
refinement is also examined.
Isothermal Flow in a Rectangular Cavity
The pressure drop during fully-developed
isothermal flow of a power-law fluid between two
infinite parallel plates is given in closed form by
equation (19) . The computer code was used to
model the filling of a rectangular cavity with
dimensions 7 .0X2.5 x0.13 . In this case, the width
of the gate is the same as the width of the cavity in
order to eliminate entrance effects on the pressure
drop . The temperature of the polymer was 200 °C.
The volumetric melt flow rate per second was
1 .058 . The theoretical pressure drop per unit
length in this case is 1 .32498 MPa . A number of
computer runs was performed for various meshes
and various convergence criteria for the pressure
(expressed as AP,v/P' ;,; s tol for each nodal point
(i,j) in the mesh) where (tul) is a convergence
tolerance and AP indicates iterative correction.
The numerical solution is indistinguishable from
the exact as can be seen in Figure 2(a) . Figure 2(b)
shows the percent relative error (defined as
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9.0

7.0

2
L•S

1 .0

0.0

	

1 .0 2.0 3.0 4.0 5.0 6.0 7 .0
Distance ; X-d rection

Fig. 2. Comparison between numerical and analytical
solution, Equation (19), for the isothermal filling of a
rectangular mold with a power-low fluid (2.a), and
the associated percent relative errors (2.b). Entrance
effects are absent in this cavity.

100 X ( Pnumerical - P analytiral)fPanalyticat)• It can be
seen that the agreement between numerical and
analytical solutions is excellent, improving slightly
as the mesh becomes denser . In the simulations
performed in this article a pressure tolerance of
10-3 was used.

The near-perfect agreement between
numerical and exact solutions presented in the
previous section is not surprising, given the simple
nature of the test case . This does not imply that
the solution of the complete problem will be
equally accurate. A more demanding benchmark is
the isothermal flow of a Power-Law fluid in the
fan-gated cavity shown in the insert of Figure 3,

(which also shows the shape of the pressure
contours) . In this cavity, an area of spreading flow
separates two regions of nearly one-dimensional
flow (designated as (A) and (B)) . The theoretical
(based on equation (19)) pressure drop per unit
length in these two regions is 6.372 MPa and 1 .325
MPa, respectively. In this test case the accuracy of
the solution in sections (A) and (B) is affected by
time-stepping as well as by the accuracy of the
solution in the spreading-flow region . A series of
computer runs was performed for progressively
finer meshes in order to assess the accuracy of the
complete solution. The pressure drop in the
delivery system (Region (A)) is in very good
agreement with the theoretical (with less than 1
percent maximum relative error) for all meshes
examined. It is found that a fairly long downstream
section is required in order to obtain the constant
pressure drop corresponding to flow between two
parallel plates . For a sufficiently long section (B),
the numerical and the theoretical pressure drops
are practically indistinguishable (Figure 3).
Transient, One-dimensional Heat Transfer

The numerical solution of the energy equation is
compared to the existing analytical solution for
one-dimensional transient heat transfer under
Dirichlet boundary conditions in a medium of
constant thermal diffusivity and in the absence of
flow. This solution is:

er
= 1

.
(ac)

E
2n+1

e,,[	 Dr (4L 2)z
	 ar	

tr
]

cos[	
(2n+1)7Lx1

2L

	

(49)

where ®r is the reduced temperature, t,. is the
reduced time, L is the thickness of the specimen
and x is the location within the specimen . The
numerical and the analytical solutions are
practically indistinguishable . Figure 4 shows the
percent relative errors associated with the
numerical solution . It can be seen that use of
graded meshes improves the accuracy of the
numerical solution through a better resolution of
the thermal gradient near the wall . The
dimensionless thermal diffusivity Dr corresponding
to this simulation was 0 .1 and the reduced time tr
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Fig. 3 . Comparison between numerical (linea) and analytical (+) solution for the filling of a rectangular cavity
with a diverging entrance section (insert) with a power-law fluid at two instances during filling.

Fig. 4. Comparison between numerical (eqn. 6) and analytical (eqn. 49) solution of the energy equation and the
associated percent relative errors. Constant properties, quiescent material. Dr-0.1, tr-0 .3.
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Flow and Solidification Daring tke Filling of Cold Cavities

Pressure Contours at Entrance Section
Contour Increment = 0.231 MPa

Fig. 5. Pressure contours at the entrance section of the
cavity and at an instant towards the end of filling
showing the transition from a radial to a
folly-developed flow.

was 0.3.

Nan-isothermal Filling
Flow Patterns
The geometry of the cavity gives rise to two
distinct flow patterns ; a fast, almost radial
expanding flow in the region near the gate and a
mostly one-dimensional slower flow in the rest of
the cavity. Figure 5 shows the pressure contours in
the region around the gate. The transition from an
almost radial spreading to a fully developed flow is
evident . Figure 6 shows the streamlines and the
velocity in the x-direction (u) in the region around
the gate. At this instant, the free surface is far
enough so it does not interfere with the flow
patterns near the gate.
Cooling and Pressure Drop in the Cavity
Figure 7 shows the pressure drop at an instant
towards the end of filling of a rectangular cavity
with dimensions 4.0X2.5x0.13, for a heat flux per
unit area qIS = 22 W. The pressure drop for the
isothermal (T = 220 ` C) and adiabatic (qIS = 0)
cases are also shown for comparison . During
adiabatic filling the polymer melt is heated above
its entry temperature due to viscous dissipation ;

this results in slightly lower cavity pressures, in
particular near the gate where viscous heating is
more dominant . In the presence of cooling, the
computer code predicts a higher pressure than at
the isothermal of the adiabatic cases . This was
expected and is attributed to the increase in melt
viscosity caused by cooling of the melt as well as in
the reduction of the area available for flow caused
by wall solidification.
Thermal Patterns and Solidification
Figure 8 shows the spatial distribution of the
gap-averaged melt temperature, defined as:

0a e = (1/b) • f .b12 ®(r) . de

	

(50)

while Figure 9 shows the variation of the
temperature on the molded part at an instant
towards the end of filling (t = 0 .95 sec) and for a
heat flux per unit area q1S = 50 W. Figure 8 clearly
indicates that the melt core is practically isothermal
with slightly higher temperatures near the gate.
This is a region where melt speed is the highest
and thus viscous heating more pronounced [28].
The convective transfer of hot melt from the gate
to the interior of the cavity is further manifested by
the stretching of the temperature contours down-
stream into the cavity seen in Figures 8 and 9.

The extent of wall solidification along the
centerline of the cavity is depicted in Figure 10 for
two values of the cooling rate (q). This snapshot is
obtained at time t = 0 .95 s . Excluding the area
around the gate, the thickness of the solid skin
seems to be fairly uniform for q/S = 26 W . The
spatial distribution of the thickness of the solidified
layer for qlS = 50 W is further shown in Figure 11,
where the values on the legend indicate the part of
the cavity thickness that is still occupied by molten
polymer (the original cavity thickness is 0 .13) . The
thickness of the solidified layer is mainly affected
by cooling to the mold . To a lesser extent, it is
affected by convective heat transfer from the gate
to the interior of the cavity . This second factor is
responsible for the observed slightly thinner solid
layer at the central part of the cavity than at the
edges even though the cooling rate is uniform
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Fig. 6 . Streamlines (A) and velocity contours (B) at the entrance section of the cavity.
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along the faces of the mold. These results directly
support the previous observations regarding the
spatial distribution of the surface and gap-averaged
temperatures during filling.

The distribution of crystallinity along the
centerline (y=0.0) and on the surface of the
rectangular plate is shown in Figure 12. The

surface temperature in this simulation is about six
degrees below the lower limit of the temperature
for which equation (10) is valid . Because of the
exponential form of the latter, it is likely that these
results will represent an upper limit in the degree
of surface crystallinity achieved at the end of
filling . The heat flux per unit area was q/S = 26 W.
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Distance in Flow Direction

Fig. 7. Pressure drop along the renter of the cavity
(line y=0.0) for isothermal; adfaba[ic and uniform
heat flux conditions with qIS = 22 W.

The thermal effect of the fountain flow in the
thickness direction was found to have no
measurable influence on the crystallinity
distribution on the surface skin or on the extent of
wall solidification . This was expected since the
solidified polymer sticks to the molds' walls and its
temperature is mainly determined by heat loss to
the mold . However, the fountain flow will affect
the morphology of the surface layer through the
mechanism of molecular orientation 1291.

CONCLUSION

A model for the filling stage of injection molding,
including wall solidification and crystallization has
been presented . The model is applicable to
three-dimensional thin cavities, and considers
two-dimensional flow and fully three-dimensional
heat transfer. The numerical solution of the model
equations has been rigorously validated by
comparison with existing closed-form results as well
as by mesh refinement . This model has been used
to investigate the phenomena of wall solidification,
pressure build-up and crystallization during the
filling of a cold cavity with high-density
polyethylene under various cooling conditions.
Simulation results elucidating the flow patterns in

the cavity, the interaction between cooling and
pressure drop, the formation of a solid skin on the
mold walls and the development of crystallinity on
the surface of the molded part are presented.

NOTATION

Aa-A2 Coefficients in the model for ultimate
crystallinity-Table 3.

b

	

Thickness of mold cavity.
Ce	Specific heat of polymer melt (Jlkg. 'K).
C;,C2 Coefficients in the model for specific heat

of the polymer melt-Table 2.
I)

	

Rate of strain tensor-Equation 13.
h Heat transfer coefficient (Jim 2 .s . 'K)-

Equation 8.
J

	

Jacobian of the coordinate trans-
formation- Equation 26.

k(e)

	

Isothermal crystallization rate-Equation 9.
K(0) Non isothermal crystallization rate-

Equation 9.
L Velocity gradient tensor-Equation 14.
m

	

Avrami exponent.
n Power law index
n Normal unit vector.
P Pressure (Pa).
Q Melt flow rate (m3lsec).
q

	

Heat flux (Jlm2.sec)-Equation 8.
R

	

Gas constant (R=1 .987 caLg-mole-' 'K- l )
R;

	

Coefficients in the model for the density
of the polymer melt-Table 1.

S

	

Elastic part of the deviatoric stress tensor.
T

	

Deviatoric stress tensor.
t

	

time (s).
u,v

	

Melt velocities in the planar x,y directions.
(u,v),, ; Relative melt velocities with respect to

the moving mesh.
W

	

Width of the gate.
x,y,z

	

Cartesian coordinates.
xc

	

Weight percent crystallinity.
xinf

	

Ultimate crystallinity-Equation (11).
We

	

Weissenberg number.

GREEK SYMBOLS

a, fi, y Coefficients of coordinate transformation
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Equations (23)-(25). A Melt relaxation time (s)
AE Activation energy for flow-Equation (15) ft Polymer viscosity (Pa.$)
t], Curvilinear coordinates-Equation (21)- 11 Second invariant of the rate of

(22)- deformation tensor-Equation (16).
8 Temperature (K) P Polymer density (kglm3).
K Thermal conductivity of the polymer (Jim . Viscous heat dissipation (JIm3.sec).

` K.sec). Stream function-Equation (2)
A Transformed form of the Laplacian w Vorticity-Equation (13)

operator-Equation (28),(31)

A 1905
9 190 .1

8 189 .7

7 189 .4
6 189 .0

5 188.6

4 1882
3 187%

2 187 .4
1 187 .0

Fig. 8. Spatial variation of god melt
temperature at an instant towards the end of filling.
qIS = 50 W,• uniform cooling.
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Fig. 9. Spatial variation of the surface temperature at
an instant towards the end of filling (t=0.95 sec).
qIS = 50 W; uniform cooling.
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Fig. I0. Effect of cooling rate on thickness of solidified
layer along the line y=0 .0 for a case of uniform
cooling, at an instant towards the end of filling
(t=0.95 sec) .
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Fig. I1 . Spatial variation of Effective cavity thickness
for a case ofcooling, at an instant towards the end of
filling (t=0.95 sec) . qIS = 50 W.
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Fig. 12 . Variation of surface crystallinity (%) along
the line y=0 .0 for a cure of uniform coding at an
instant towards the end offelling (1=0.95 sec) . qIS =
26 W. The corresponding surface temperatures are
also shown.
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