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ABSTRACT

For materials selection, proper design and manufacturing of polymer products used in structural and other engineering
applications, rendering stress analysis Is a matter of prime Importance.The ikst part of this work is devoted to a simple
manipulation of bending behavior, as the main deformation mode in beams, while In the second part expressions for
the stresses In thick holbw cylinders under simultaneous internal and external pressure loading are determined.

The two topics dealt with are of particular Interest in connection with polymeric materials .Although the
constitutive equations are derived pertaining to linear elastic materials, they can describe many aspects of small strain
behavior of rigid polymers which can be utilised as structural materials,

INTRODUCTION
Polymers are being used increasingly as structural
materials, that is, materials suitable for structures
and members that must endure loads without
suffering damage . Bolts, rivets, shafts, springs,
pressure tanks, beams, columns, cylinders, discs,
ship hulls, etc •[1], are some examples of
load-bearing structural members and parts ,
increasing the variety of polymeric products.

Failure in many such applications would be
catastrophic in terms of health, safety, loss of
services and production.Materials selection, proper
design and manufacturing to avoid failure as well
as predicting product performance involve stress
analysis, i .e ., predicting stresses and strains
resulting from the imposition of prescribed
tractions and/or displacements on a material
body.By stress analysis one tends to find that each
element of a given system will not fail to meet the
structural requirements during the course of the
system's performance.

Beams under bending moments and hollow
cylinders under pressure are two different topic of
particular relevance to designing with polymers in
many of their practical applications .The simple
treatment given here for stress-strain analysis of
these problems is based on the assumption that the
maximum stress does not exceed the proportional

limit, i.e ., the discussion is made within the linear
elastic domain .Although this cannot be an exact
description for polymers, it is useful for their low
strain behavior and obtaining solutions to such
practical problems [1-3] .Furthermore, it is worth
noting that in the analysis presented for bending,
slender beams have been taken into consideration.

EVALUATION OF THE STRESS
ANALYSIS PROBLEMS
Bending Beams
When a beam is bent, it is subjected to both tensile
and compressive stresses and in most cases also to
shearing stresses . Figure 1 shows a beam in three
point bending supported at A and B, distance L
apart .A force F is applied at C, midway between A
and B where the beam will sag.The lower surface
will be stretched and the upper surface will be
compressed .Thus, there will be tensile strains p
(positive) and stresses in the lower part of the
beam and compressive strains and stresses in the
upper part of the beam.

There will be an equilibrium of forces acting
in the vertical direction .Because the loading is
symmetrical, the upthrust at support A=upthrust
at support B=ft2.

Consider the moments acting on the shaded
section of the beam.The upthrust force at A will
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exert a moment about any specified point in the
plane shown dotted at D, at a distance xi from A.

This moment is given by:

M=FR .xt

	

(1)

i .e.,M increases as xi increases.This moment due to
the external applied force, F12, is acting in a

clockwise direction and will cause the shaded
section of the beam to rotate in a clockwise
direction unless it is exactly balanced by some
counter clockwise moment.This balancing moment
must be produced by forces acting on the external
surface of the shaded section of the beam .The only
other force, apart from F12 acting on the external
surfaces of the shaded section of the beam are
those due to the ,:N stresses which act within the
beam across the section dotted at D.The net force
acting in a horizontal direction across this section is
zero, i.e., for any such section, dA:

fa,, .dA = 0

	

(2)

What follows is true for any system of
externally applied forces .If the system of applied
forces is specified, it is a straightforward matter to
calculate the moment M due to these external
forces along the length of the beam.

Consider a short section of beam, which
before bending forces .(moments) are applied is
defined by two vertical section planes E and F and
the upper and lower surfaces of the beam (Figure
2(a)).When the bending forces are applied, the two
parallel planes will tilt to intersect in a line at 0
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above the beam and the upper and lower beam
surfaces will become curved (Figure 2(b)) .By this
distortion PQ decreases in length and RS increases
in length .TU is the neutral plane for which the
change in length in the xt direction is zero.Below
TU, strains and stresses are positive, and above TU
they are negative.

Figure 2:A short section of beam : (a) before bending;
(b)after bending

Let p be the radius of curvature of this
section of the beam, measured from 0 to a point on
the neutral axis .Consider the plane VW is below
TU and is taken to be negative if VW is above TU.

Length VW = (p + y) .0
Length TU = pB
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Now before bending the length VW is equal to the
length TU.Hence, at distancey from the neutral

plane:

Change in length = (p+y).9 - pB =
Initial length p9

	

p

that is:

e„ (3)
P
E

QA

	

-y (4)
P

where E is the Young's modulus of beam material.
Thus, the stress in the x 1 direction varies linearly
with y.It is positive when y is positive and negative
when y is negative.

In the next step the equilibrium of moments
about a point is considered knowing that the
moment due to the external bending forces must
be exactly balanced by a moment arising from the
internal stresses u„ .It is immaterial which point for
taking moments is chosen but it is very convenient
to choose a point on the plane such as T since here

0 11 is zero (see Figure 3).

The sketch on the right of Figure 3 shows a
cross section through the beams, assuming it for
the time being to be irregular.Across the shaded
part of this cross section of area dA, there is a
stress chi acting.This stress gives a force R, .dA-This
force gives a moment about T=cI,.dA .y . Substituting

a, from equation (4) gives:
moment due to all the stresses acting across

dA = E y.y.dA.
p

Hence,
moment due to all the stresses acting across

the beam rection = f
B

.y2.dA
P

This must exactly balance the moment due to the
externally applied forces, M:

M = E fy2.dA= E .1

	

(5)
P

	

p

where I = fy2 .dA the second moment of area of
the beam cross section about the neutral axis,
depends only on the shape of the beam cross
section.

Substituting equation (5) intoequation (4)

gives:

as M ( 6)

Thus, if M is known, stress can be calculated at any
point of the bending beam of linear elastic material
according to equation (6).It must be noted that for
slender beams stress in the x2 direction as well as
shear stress and deflection are negligible.

The position of the neutral plane is
determined by satisfying equation (2), i .e ., the
equilibrium of horizontal forces.

For a symmetrical beam, rectangular or
circular cross section, the neutral plane bisects the
beam cross section horizontally.lt is easy to show
that for a rectangular beam cross section [2] of
breadth b and depth d:

a1 bd
12

and if the analysis is extended to bending of
viscoelastic polymeric beams' , the time-dependent
decay of bending force necessary to maintain the
deflection at a constant value So is related to the

' As part of a semiaar on "Constitutive Equations in Flexural

Deformation of Soft and Hard Viscoelastic Bodies', Presented at

Cranfleld Institute of Tecbaalo t, IX in 1980 .

(7)
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stress-relaxation modulus of material E(t) by

F(t) = 48L 8° E(t) (8)

	

Q = dM (in the limit)

	

(10)

For slender beams significant shear stresses
act near the supports but their effect on total
deflection is small .However, in thick beams one
cannot ignore deflections due to shearing.
Consider a beam subjected to concentrated loads
as shown in Figure 4.

Figure 4: Shearing forces and rotational equilibrium In
beam

It was already shown that there were forces
in the x i direction due to the stresses within the
beam.However, in addition, there will be a
shearing force acting on the left-hand face of the
short element of length a x .If F> > F2, this shearing
force Q = F 1 - F 2 will act upwards .Since the
element must be in equilibrium with respect to
vertically acting forces there must be an equal
shearing for Q acting downwards on the right-hand
face of the element .Also Q must equal F3 - F4
which gives:

F,- F2 =F3- F4
or

	

(9)
Ft +F4 =F3 +F2

The shearing forces Q will obviously have a
turning action on the element .They produce a
clockwise moment of magnitude Qdx . However,
the externally applied forces produce a moment M
which varies along the beam .Thus if there is a
clockwise moment M at A, there must be a counter
clockwise moment M + dM at B giving a residual
counter clockwise moment dM to balance the
clockwise moment Q6x, that is:

dM=Qdx
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Thick cylinders

Figure 5 shows a thick hollow circular cylinder
subjected to a uniform internal pressure, Pi and a
uniform external pressure, Po .Figure 5(b)
represents an element of unit length measured in a
direction normal to the plane of the paper .The
element subtends a small angle, 60, at the center of
the cylinder.

Figure 5 : Thick cylinder subjected to internal and
external pressures, (a)cross section ; (b) an element of
unit length

This problem is most conveniently analyzed
in relation to a cylindrical polar system of
coordinates .In thick-walled circular cylinders,
unlike the thin-walled case, radial stresses cannot
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be ignored.The principal stresses acting on a small
element of the cylinder wall are a radial stress, aur,

a circumferential stress, ate, and an axial stress, a..
In the following analysis it is assumed that the
cylinder is very long in comparison with other
dimensions, that is, there are no axial and shear
variations across the cylinder thickness and we
shall be concerned only with a, and o..Both these
stresses vary with r, the radial distance from the
center of the cylinder.

One has without any detailed analysis:

atr=r ;

	

err = -pi
andatr=ro a„= -po

For the element of thickness Sr shown in Figure
5(b), there must be an equilibrium of forces acting
in the radial direction.

Let aur be radial stress acting across the inner
curved surface of the element in an inwards
direction .This will give rise to an inward directed

force aur + a .&This will give rise to an outward

directed force:
Outwards directed force

(a,r+ a.6r) . (r+Sr).

The circumferential stress a,y acting on the sloping
side faces of the element gives rise to a circum-
ferential force arrr.br acting on each side face .Each
of these forces has an inward acting component:

a„ drain (

	

) =

	

if S, is small

For radial equilibrium : total inward acting force =
total outward acting force, that is:

arr.r.de + a,, .dr.d, = (ar, + d RR .M) (r + dr) .be (11)

When dr -a0 this equation simplifies to:

	

a,y-or,-r.err =0

	

(12)

Now for determining displacements, consider
a point A distance r from the center of the cylinder
before the stresses are applied. When the stresses
are applied, this point will move distance u in the
radial direction.The value of this radial dis-
placement at a point B distance r + dr from the

center will be u + d-° . Or .

Before the stresses are applied the radial
distance between A and B is O . On applying the
stresses the radial distance between the points
changes by an amount

u + du or -

u = dr

.Sr

Hence, radial strain err = change in the distance
the original distance

Le. eR = d-° .drldr = - (13)

Before the stresses are applied the circumference
of the circle passing through point A is 2IIr .After
the stresses are applied the circumference of the
circle changes to 211 (r + u) .Hence:

change in circumference
circumferential strain e„=

	

circumference
2H (r + u) - 21lr u

i .e.: e„

	

(14)
2Hr

	

r

Now the relation between strains and stresses is
established as:

ar
eR = E - v

eee =
0 e -

aO

E
aR

(15)

(16)
E E

Where E and v are Young's modulus and Poisson's
ratio of cylinder materiaL

Inverting these equations gives:

en 1 E=

	

s (e rr + we.)

= E ( du +v . n )
1-v2

	

dr

	

r

ace = 1 2 (e„ + ve ry)

E ( u +v. du )
1 - v 2 r

	

dr

(17)

(18)
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Substituting equations (7) and (8) into equation
(12), differential equation for the displacement is
obtained as follows after some algebra:

dr2 + r

	

dr

	

r2
= 0 (19)

The general solution of this equation is:

u=M.r+ N (20)r

Where M and N are constants, the values of which
depend on the boundary conditions.

Substituting equation (20) in equations (17)
and (18) gives:

ffrc = 1 Eos [M (1 t v) - N (1-VA

	

(21 ),

	

r2

l Eve

	

(1 + v) -
N=

	

(1 - u)]

	

(22)

i .e ., Lame equations of the form:

on=A- r2

	

ass =A+ rr
r2

where A and B are constants and their values are
determined using the boundary conditions such as:

a„= -pi	at r=r;
aR = -Ps

	

at r=to

resulting in:

=	 pii2i.pors2 (pi - po)ro2ri2orn.

	

r02 - r;2	r 2 (r02 - r;2)

uar

	

>?tr t7 -Poro2 +,(pi -pa) rn2Tis
=

rot - ri g	r 2 (rd2 - ri )

Using other bouncily conditions the values of
A and B can be found for stress expressions in
particular problems such as closed end pressure

cylinders and pipes, hose and coupling [41, rotating
discs and solid fuel rocket motor.

SUMMARY
In this work the linear elastic analysis is used to
derive equations for stress distribution in beams
and cylinders subjected to bending and pressure,
respectively.

Polymeric materials are viscoelastic and their
deformation is dependent on time under load,
temperature and loading history, however,
structural parts or load bearing components when
made of rigid polymers are designed to operate at
small strains .In such circumstances analogous
treatment and equations as represented, modified
by substituting for time and temperature
dependent polymer properties, such as modulus eg.
its decrease with time and temperature in equation
8, can be employed . This pseudo-elastic approach
for solving the problem gives sufficient accuracy in
most cases.in design using this method, appropriate
value of modulus must be chosen regarding service
life of the component and the limiting strain of
plastic .In general, for complex shapes computer
based numerical solutions (finite element
analysis)are conducted .
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