
AMonte Carlo approach based on kinetic gelation model is used to simulate the
kinetics of non-linear free radical copolymerization of vinyl-divinyl monomer mix-
tures or chemical gelation, and to characterize kinetic effects on polymerization

statistics and microstructures. New algorithm for random selection of the next neighbour
site in a self-avoiding random walk and efficient mechanisms of mobility of components
are introduced to improve the universality of the predictions by removing commonly
occurring simulation deficiencies due to early trapping of radicals. The model has the
capability of predicting the onset of the sol-gel transition and the effect of chemical com-
position on the transition point. It is shown that there is attained a better understanding
of microstructure evolution and appearance of gel phase during polymerization and
chemical gelation.  Finally, one important benefit of the simulation method is the ability of
characterizing system in which, the dominant combination reaction leads to highly
branched structure.
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During free radical copolymeriza-
tion of a mixture of vinyl-divinyl
monomers, the cross-linking reac-
tions lead to the evolution of a three
dimensional network and the kinet-
ics models are commonly used to
investigate the reaction mechanisms

and microstructures [1].
Due to the random nature of

growing macroradicals in the poly-
merization process, percolation theo-
ry is a very useful tool to describe
such disordered systems[2]. The
classical approach of percolation on
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the Caylee tree due to Flory[3] and Stockmayer[4] is
regarded as the starting point in the theory of kinetic
gelation model (KGM) which describes the chemistry
of irreversible polymer gelation by using a lattice
model. The polymer percolation model has been main-
ly used [2,5] to study the critical behaviour near the gel
point, where the assumption of a diffusion-limited
process is likely to be accurate. This behaviour depends
on the space dimensionality and not on the lattice
geometry [5].

In the context of polymerization, a typical percola-
tion model is a finite d dimensional lattice where each
site is assumed to be occupied by a functional unit. The
functionality number of any given site introduces the
number of possible chemical bonds it makes with its
neighbouring sites.

Computer simulations based on percolation models
describe polymers that undergo the self-avoiding ran-
dom walks (SAW) on a lattice. They simulate the gela-
tion process during polymerization of multifunctional
monomers. The first percolation model proposed by
Manneville and de Seze [6], referred to as the kinetic
gelation model (KGM), has been modified by many
researchers [6-12]. They developed a computer model
that took into account the polymerization of a mixture
of bi- and tetrafunctional monomers in absence of any
solvent on a simple cubic lattice up to 32 sites in each
direction.

Extensive computer simulation studies of realistic
models have been performed by using KGM [6-12].
The effect of the initiator s quantity and decay kinetics
[7-10], the addition of solvent [8-10], and the mobility
of the components [11] were the early modification of
KGM. Most of studies have been restricted to static
growth in the sense that the chemical constituents
where immobile during the course of reaction. The
mobility of the solvent, monomers, and clusters have
been considered [10-11] to affect the trapping of radi-
cals with no change in overall trends in the simulation.
Furthermore, several authors used KGM to describe the
irreversible gelation in vinyl/divinyl copolymerization
by initiated radicals [11].

In this paper Monte Carlo simulations using kinet-
ic gelation model are performed on a simple cubic lat-
tice with periodic boundary conditions to investigate
microstructural evolution during copolymerization of a
mixture of multifunctional monomers. For this purpose

we introduce an algorithm to overcome the trapping of
radicals in the early stages of reaction.

The next section describes the computational
model, and defines the model properties, and then the
results of our computer simulations are presented.   

Simulation
The model used in this work is based on the Flory-
Stockmayer[3,4] theory, which  is identical to percola-
tion on the Caylee tree (Bathe lattice). Manneville and
de Seze[6] developed one of the first percolation mod-
els (KGM) to examine free radical polymerization.
This model was used to study the structural evolution
of polymer networks that form during the polymeriza-
tion of multifunctional monomers.

We simulate free radical copolymerization of a
mixture of vinylic and divinylic monomers by using a
modified version of KGM. Monomers and initiators are
considered as sites on a discrete simple cubic lattice
with L3 sites. Any given component is randomly dis-
tributed on the lattice sites and periodic boundary con-
ditions are implemented on lattice faces to eliminate
edge effects.

The coordination number of a simple cubic lattice
is six, which means that each site has six nearest neigh-
bours, however due to previous bond in each chain
head; each site has at most five possible neighbouring
sites to form a bond. The next step is to initiate the
growing process. This is done by randomly placing a
free radical (active centre) on a monomer site. Each ini-
tiator molecule is considered as two near neighbouring
sites and decomposes into two radicals based on the
first order rate decomposition [9, 11].

To form a chemical or permanent bond, each radi-
cal recognizes the capability of each nearest neighbour-
ing site for reaction, if there is at least one monomer or
another active site the reaction takes place. If there are
more than one accessible site for the reaction, one of
them is randomly selected to form a bond, and finally
if there is no site the radical will be trapped.

By defining a random number between zero and n,
an active site selects one of its neighbours. Because
each site occupies no more than one monomer, the path
of the active site will be a self-avoiding random walk
on a simple cubic lattice. After forming a bond, the
active centre transfers to the reacted site. In each Monte
Calro step (MCS) this process will be done by all of the
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active centers.
To determine polymerization quantities (i.e. reacted

sites) the Hoshen-Kopelman algorithm [12] is used.  In
this algorithm all monomers in the percolation network
are labeled in such way that those with same labels
belong to the same cluster. When a bond is formed the
reacted site becomes the active site label. At each time
step, the total number of reacted sites is determined and
considered as the extent of reaction. The number of
formed bonds in three directions is measured in consec-
utive time intervals to assure directional randomness of
bond formation.

To improve the efficiency of the KGM, in this
work, we use two important modifications that we pre-
sented in previous works [13, 14]: 

(i) Successive steps evaluation of a growing radical. 
(ii) Mobility of components in the lattice.

Both improvements allow to model late stage phenom-
ena, when few monomers remain in the lattice.

One of the most important problems in KGM is the
trapping of a radical, when none of the nearest neigh-
bours has capability to react, so a radical is trapped. To
avoid or at least delay this problem, we used the fol-
lowing algorithm. At each step time, each active site
recognizes and evaluates the capability of its future
successive sites for reaction (or the future steps in a
walk) as the first-nearest-neighbouring sites (layer of
first step of walker), the second-nearest-neighbour
(second layer) and so on. The number of total accessi-
ble sites for each of the six (or actually five) directions
in all consequent layers is determined and the walker
selects the nearest site that has the highest number of
accessible sites. This method reduces the trapping
process even in the last stages of reaction, and adapts
its according to the diffusion of radicals.

The second improvement of this model is the ability
of all the species in the reaction to move. We categorize
the movements as single-site and multiple-site move-
ments. In single-site movement, the monomers, solvent,
new-born radicals and voids are allowed to exchange
their positions with each other. All movements are in
such a way that monomers move in one of the randomly
selected directions to neighbouring sites. In multiple-site
movements we consider three types of movements: 

(1) The active centre in a macroradical head moves
to a neighbouring site and all the reacted monomers in
the chain follow its path (reptation).

(2) A cluster or chain is allowed to move in one of

the six directions (central-mass or translational diffu-
sion).

(3) One or more sections in a polymer cluster or
chain are allowed to exchange their positions with sur-
rounding sites (segmental diffusion).

All of these movements are restricted to one lattice
unit displacement, and more importantly, all bonds are
preserved and the polymer configuration remains
almost unchanged. The main goal of these movements
is to delay the trapping of radicals and also to allow
trapped radicals to become active in later steps. Thus
all movements are done in such a way that the total
number of accessible sites for an active site in each
MCS increases.   

Model Properties
The quantities and variables of the model are as follows:
p is the extent of reaction defined as the total number of
reacted sites that belong to the clusters that are normal-
ized by total number sites in lattice.
G the gel fraction (order parameter of system) is defined
as: 

where φG is the fraction of the infinite cluster or gel
phase and φS is the fraction of the finite clusters in sol
phase i.e.,  φG = nG /(nS + nG) and φS = nS /(nS + nG),
where nG and nS are the number of monomers in gel
and sol phases, respectively; and nG + nS = N is the
total number of polymer units; DPw is the weight-aver-
age degree of polymerization, which is the ratio of the
second moment to the first moment of the mass distri-
bution i.e.,

where ns is the number of clusters containing s
monomers; and Rs is the radius of gyration defined as:  

where
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and ri denotes the position of ith connected site. Rs is
also given by a power law relation:

Rs ~ s1/De (5)

where De is interpreted as the fractal dimension of the
infinite cluster.These quantities are monitored at each
MCS time. 

During each simulation, the information history of
all components and clusters in the lattice is stored for
future use. The whole procedure of distribution and
growth is performed k times and a statistical average is
taken. We consider 50 to 100 runs depending on the fluc-
tuations observed, however for large lattices increasing
of k does not affect the accuracy of the results [10].

RESULTS AND DISCUSSION

We consider a simple cubic lattice of size L=100 in
which initially all sites are considered as vinylic
monomers (functionality of 2). The initial initiator con-
centration is 1% on mole basis, very common in bulk
polymerization, and it is introduced randomly with first
order kinetics. A specified number of tetrafunctional
monomers in accordance with tetrafunctional monomer
concentration (f4) that have four functional groups
(functionality of 4) are randomly distributed in the lat-
tice, instead of monomer sites. Since the functionality
of these sites is four, they have the capability of form-
ing bonds in four directions. When an active site selects
a tetrafunctional monomer in a polymer chain, a cross-
linking reaction takes place or a branch or side-branch
is formed and the two chains with different labels unit
together and takes the same label. During the reaction,
this process will be repeated and thus the numbers of
junctions or branches increase.

Gradually large chains with side branches react
with each other and at some point a very large cluster
called the infinite cluster or gel phase forms and spans
through the whole system. The system also consists of
small clusters that are not so large, known as the sol
phase. Thus at a specific conversion p, there is a sud-
den change from a high number of small clusters to a
(or more) very large cluster along with a lower number
of small clusters.

In a real system of such monomers, at the sol-gel
transition the appearance of the large cluster or insolu-

ble gel phase takes place. This critical value of
monomer conversion is called the threshold value, pc.
So far, percolation network models used [5-11] are con-
sidered the best simulation tool for characterizing
chemical gelation.

The transition value pc depends on the chemical
nature of system i.e., concentration of tetrafunctional
monomers.

As the reaction proceeds, the polymerization quan-
tities and the microstructure of gel phase, such as
entangled chains, loops, and pendant double bonds can
be distinguished and characterized.

Figure 1 shows the conversion of monomers p, as a
function of Monte Carlo step (MCS) time, for six
increasing tetrafunctional monomer concentrations
(f4), and 1% initiator (these conditions are the same for
all figures unless stated). The results show that the con-
version profiles are weak functions of tetrafunctional
monomer concentration. The conversion curves grow
with the same trend to a final value, close to 95% of the
total monomer sites.

Figure 2 shows the gel fraction of polymer as a
function of monomer conversion. The figure shows that
at low concentration of tetrafunctional monomers no
gel forms and as this concentration increases, more gel
appears at earlier stages of the reaction.

Figure 3 shows the weight average degree of poly-
merization of the sol phase (excluded infinite cluster)
for the same system. The figure shows a pulse for each
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Figure 1. Monomer conversion, p, as a function of Monte-

Carlo step time for tetrafunctional monomer concentration,

f4: 0.1%, 0.2%, 0.5%, 1%, 2%, and 5%.



concentration level, whose amplitude and position (in p
space) decrease as the concentration of the tetrafunc-
tional monomer increases. This effect is due to the fact
that at low concentrations of tetrafunctional monomers,
the number of cross-linked sites or microgels is lower
than the number of chains. Therefore, the weight aver-
age degree of polymerization, DPw increases. At the
higher concentration of tetrafunctional monomers, the
largest cluster forms and the rest of the chains are not
very long and the weight average degree of polymer-

ization decreases. 
Figure 4 shows the gel fraction of polymer as a

function of monomer conversion. It also shows the con-
version at gel point or the critical conversion pc as a
function of tetrafunctional monomer concentration.
The figure shows the same observed trend in experi-
mental results[17], and also shows that at high concen-
tration of tetrafunctional monomer the gel phase
appears earlier, and most of the monomer sites react
with the growing cluster.
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Figure 2. Gel fraction, G, of monomer conversion for tetra-

functional monomer concentration, f4: 0.1%, 0.2%, 0.5%,

1%, 2%, and 5%.

Figure 3. Weight average degree of polymerization, DPw, as

a function of monomer conversion, p, for tetrafunctional

monomer concentration, f4: 0.1%, 0.2%, 0.5%, 1%, 2%, and 5%.

Figure 4. Concentration at the gel point or critical conversion,

Pc, as a function of tetrafunctional monomer concentration.

Figure 5. Radius of gyration of the infinite cluster, Rs, as a

function of monomer conversion, p, for tetrafunctional monomer

concentration, f4: 0.1%, 0.2%, 0.5%, 1%, 2%, and 5%.
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Figure 5 shows the radius of gyration of the largest
or the infinite cluster as a function of step time for the
same concentrations. This figure shows that the radius
of gyration grows and saturates very rapidly. This effect
is due to the fact that for a randomly growing chain, the
final value of radius of gyration in a lattice equals to L/2
and when the growing chain senses the periodic bound-
aries the radius of gyration approaches its final value. 

Figure 6 shows the radius of gyration of the infinite
cluster as a function of the number of monomer sites
that belong to it. The slope of the linear section of the
curves in a logarithmic scale (gel growing section)
defines the reciprocal of De, the effective fractal dimen-
sion of branched polymer in solution. The present sim-
ulation yields, De = 1.53±0.06 which is in good agree-
ment with theoretical [2] and experimental [18] results,
and confirms the self-similarity of the fractal structure
of the chemical gels.   

CONCLUSION

A new kinetic gelation model has been presented to
describe non-linear free radical copolymerization of a
mixture of bi- and tetrafunctional monomers referred as
chemical gelation. The simulation can also be used to

investigate several polymer reactions like branching,
cross-linking, and vulcanization of long chain poly-
mers. The new simulation involves improvements such
as exponential decay of an initiator molecule into two
initiator radicals at neighbour sites. The efficiency of
the initiator is introduced when radicals recombine and
become inactive.

A very efficient self-avoiding random walk, based
on a successive layer evaluation process, is introduced
to remove or at least delay the trapping of radicals until
the last stages of reaction, which allows efficient poly-
merizations simulations with high conversions without
the need of artificial specifying sites as solvent. In addi-
tion, several mobility mechanisms for all the single
sites, chains, and clusters like chain reptation, segmen-
tal, and cluster diffusion are introduced.

These improvements make most of the functional
groups accessible to react with active sites, and to
decrease the number of trapped radicals, as well as the
trapping frequency, thus overcoming weaknesses of
previous models. Polymerization reaction quantities,
such as the weight average degree of polymerization,
and properties, such as the radius of gyration and the
correlation length, are evaluated as quantitative meas-
ures of microstructure. The model has the ability to
simulate several realistic conditions in polymerization
systems.

Finally this work has provided an unified frame for
producing a system consisting of highly packed chains
or clusters with less than one percent of unconnected or
single sites, suitable to model polymer systems via the
network approach. The weight average molecular
weight results show a scaling behaviour near a thresh-
old value that signals the presence of a different mech-
anism before and after threshold value. The polymer-
ization related quantities and the microstructural prop-
erties evolution provide informations to describe the
chemical nature of the resulting gels.

It is also possible to consider the solvent effect - inter-
action between solvent and polymer - and the phase sep-
aration of gel phase during gel formation. The phase
behaviour of polymer-monomer system and its depend-
ence on chemical composition of the system is consid-
ered. The starting point of the sol-gel transition behaviour
and the related threshold conversion for realistic cases is
investigated. The chemical nature of different monomers
that leads to different polymerization processes can be

Figure 6. Radius of gyration of the infinite cluster as a func-

tion of number of sites that belong to it for tetrafunctional

monomer concentration, f4; 0.1%, 0.2%, 0.5%, 1%, 2% and

5%; The fractal dimension of the infinite cluster, De =

1.53±0.06
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evaluated if the chemical interaction between monomer
and the resulting polymer is considered.

ACKNOWLEDGEMENTS

This work is supported partially by Iranian MCHE
held by the Department of Chemical Engineering at
Amir Kabir University of Technology, and by the
Fonds pour le Formation de Chercheurs et l Aide le
Recherche, Quebec, Canada. 

REFERENCES

1. Flory P.J. Principles of Polymer Chemistry, Cornell

University, Ithaca, 347-398 (1953).

2. Sahimi M., Applications of Percolation Theory, Taylor

and Fransic, Philadelphia, 169-192 (1984). 

3. Flory P.J., Molecular size distribution in three dimension-

al polymers, J. Am. Chem. Soc., 63, 3083-3090 (1941). 

4. Stockmayer, W.H., Theory of molecular size distribution

and gel formation in branched-chain polymers, J. Chem.

Phys., 11, 45-55 (1943).

5. Stauffer D., Introduction to Percolation Theory, Taylor

and Francis, Philadelphia, Ch. 4 (1985).

6. Manneville P., de Seze L., Percolation and Gelation in

Additive Polymerization. In: Numerical Methods in the

Study of Critical Phenomena, Della Dora J., Demongeot

J., Lacolle B. (eds.), Springer, Berlin, 9, 116-124 (1981).

7. Hermann H.J., Landau D.P., Stauffer D., New universali-

ty class for kinetic gelation, Phys. Rev. Lett., 49, 412-415

(1982). 

8. Boots H., Kloosterboer J.G., Van de Hei G., Pandey R.,

Inhomogenity during the bulk polymerization of divinyl

compound, Brit. Polym. J., 17, 219-223 (1985).

9. Anseth K.S., Bowman C.N., Kinetic gelation model pre-

diction of cross-linked polymer network microstructure,

Chem. Eng. Sci., 49, 2207-2217 (1994).

10. Liu Y.,Pandey R.B., Kinetic of gelation growth in a sol-

gel transition by a computer simulation model, J. Phys. II

(Fr.), 4, 865-872 (1994).

11. Simon G.P., Allen P.E., Bennett D.J., Williams D., Wil-

liams E., Nature of residual unsaturation during cure of

dimethacrylates examined by CPPEMAS 13C NMR and

simulation using a kinetic gelation model, Macromole-

cules, 22, 3555-3561 (1989).   

12. Hoshen J., Kopelman R., Percolation and cluster distri-

bution I. Cluster labeling technique and critical concentra-

tion algorithm, Phys. Rev. B, 14, 3438-3445 (1976).

13. Ghiass M., Dabir B., Rey A.D., Simulation of non-linear

free radical polymerization using a percolation kinetic

gelation model, Macromol. Theory Simul., 10, 657-667

(2001).

14. Ghiass M., Dabir B., Rey A.D., Microstructure evolution

and simulation of copolymerization reaction using a per-

colation kinetic gelation model, Polymer, 43, 989-995

(2002).

15. Ghiass M., Dabir B., Nikazar M., Rey A.D., Nazokdast,

H.; Monte Carlo simulation of non-linear free radical

polymerization using a percolation kinetic gelation model

(II): Free radical copolymerization, Iran. Polym. J., 10,

355-361 (2001).

16. Ghiass M., Dabir B., Nikazar M., Rey A.D., Mirzadeh,

H., Monte Carlo simulation of non-linear free radical

polymerization using a percolation kinetic gelation model

(I): free radical homopolymerization, Iran. Polym. J., 10,

305-313 (2001).

17. Li  W.H., Crowe  C.M.,  Hamielec A.E., Kinetics of free

radical copolymerization of methyl methacrylate/ethylene

glycol dimethacrylate: 1, Polymer, 30, 1513-1518 (1989).

18. Leibler l., Schosseler F., Gelation of polymer solution: an

experimental verification of the scaling behaviour of the

size distribution function, Phys. Rev. Lett., 55, 1110-1113

(1985). 




