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A B S T R A C T
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Particle size distribution determines the major end-use properties of latex pro-
duced by emulsion. Therefore simulation and control of particle size distribution
are important in emulsion polymerization. The investigated system is styrene

polymerization. The model for determination of particle size distribution is based on
population balance, accounting for nucleation and growth phenomena. The population
balance equation (PBE) is discretized respect to particle radius. The ordinary differen-
tial equations obtained from discretization of PBE, initiator and monomers mass bal-
ances and algebraic thermodynamic equations are solved simultaneously via MAT-
LAB programme. The accuracy of the model has been determined by the experimen-
tal results. The open-loop optimal surfactant feed profile for achieving a desired
bimodal particle size distribution in a semi-batch reactor is obtained. The genetic algo-
rithm is employed for the optimization.

INTRODUCTION

The final latex properties such as
rheological properties, maximum
solid content, adhesion, drying
time, etc, are determined by parti-
cle size distribution (PSD). High
solid content (HSC) latexes are an
excellent example of a product
requiring an accurate control of

PSD [1]. Increasing the solid con-
tent (fraction of polymer relative to
the continuous phase) in a repro-
ducible manner entails the strict
control of a complex PSD. The
PSD must be either quite broad or
multimodal in order to obtain solid
content much above 55 or 60 vol%.
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In addition, the viscosity of latex is highly sensitive to
the PSD near the upper limit of solid content. The
development of tools for PSD prediction is thus well
motivated.

Models for emulsion polymerization can be classi-
fied in two levels according to the way they account
for particle size [2]. Level-one models are based on
the monodispersed approximation, i.e., they assume
that all particles have the same average volume.
Level-two models, on the other hand, account for the
latex PSD by means of population balances. Since the
main subject of the present paper is PSD control, we
focus on level-two models or population balance
models. Two alternatives for handling the kinetics in
population balance format, namely the zero-one and
the pseudo-bulk model, are widely used in emulsion
polymerization modelling. 

In a zero-one system, the model is based on the
assumption that the rate of radical-radical bimolecular
termination within particle is very fast relative to the
rate of radical entry into particles. Therefore, a parti-
cle can have either zero or one radical. There are two
alternative treatments for zero-one systems. One pos-
sibility is to distinguish only between particles having
zero or one radical [1,3]. Another possibility, more
frequently used [1,4,5], consists of further dividing
particles having one radical in two populations,
according to whether the radical is monomeric or
polymeric. Since only monomeric radicals are
assumed to desorb, this facilitates the description of
radical adsorption [1,4,5].

In pseudo-bulk model it is assumed that the num-
ber of radicals is no longer an internal coordinate,
since particles of the same size are assumed to have
the same (average) number of radicals. The validity of
the pseudo-bulk model is conditioned by the assump-
tion of uniform growth. In general, this hypothesis is
only true for high values of average number of radi-
cals in a particle.  Small particles in the size range
where termination is not rate-determining are best
described by the zero-one model. The remaining par-
ticles are described by the pseudo-bulk model [6-9]. 

There are relatively few works on the control of
the full PSD. In contrast, there is a considerable num-
ber of studies reported in the literature on the control
of lumped properties. Semino and Ray addressed the
important question of the controllability of population

balance systems based on theoretical study [10-11].
They found in their study that employing the feed
concentration of surfactant, initiator and inhibitor as
manipulated variables ensures the controllability of
the distributions for the unconstrained case. So far,
there has been no published paper regarding on-line
feedback control of an entire PSD. Several studies
have been carried out on the open-loop control of PSD
[12-18]. 

In this paper, a detailed dynamic model was used
for a styrene emulsion polymerization in a semi-batch
reactor to predict the evolution of the product PSD
over the entire range of monomer conversion. Zero-
one kinetics model was employed with a set of popu-
lation balance equations to predict the monomer con-
version and PSD. The modelling equations include
the diffusion-controlled kinetics at high monomer
conversion. Population balance equation is discretized
with respect to particle radius. The ordinary differen-
tial equations obtained from discretization of popula-
tion balance equation (PBE), initiator and monomer
mass balances and thermodynamic algebraic equa-
tions are solved via MATLAB programme. 

The main objective of the present work was to
obtain the desired PSD in an optimal manner for
emulsion polymerization of styrene. The detailed
model was used to generate optimal feed profile to
attain a target PSD using the genetic algorithm (GA),
a global optimization technique. The open-loop strat-
egy of an optimal surfactant feed profile for obtaining
a desired bimodal particle size distribution is
described. 

Styrene Emulsion Polymerization Model
In this section, the zero-one model is used for semi-
batch emulsion polymerization system. The general
structure of the zero-one model of Zeaiter et al. is
adopted [5], combining the results of other works
[4,8,9,18]. The kinetics scheme for the process is
shown in Table 1. Polymerization is initiated in the
aqueous phase. Free radical produced by decomposi-
tion of initiator, [I]W, can react or diffuse into any of
the phases (aqueous or polymer phase). The material
balance for the initiator is given below [18]:

(1)
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where Vaq is the aqueous phase volume, kd is coeffi-
cient of initiator decomposition rate and νI is initiator
molar flow rate.  The polymerization process starts by
the initiator decomposition in the aqueous phase, pro-
ducing primary radicals (Rw) that react with monomer
molecules to generate oligomeric radicals. In Table 1
PW

0 designates monomeric radical that has a lipophilic
nature and can therefore diffuse easily into particles
and desorb from them. z is the critical chain length
which polymer radicals can enter polymer particles or
micelles (micellar nucleation) and jcr is the chain
length which the radicals become insoluble in water
and thus precipitate as new particles (homogeneous
nucleation). The material balances for these oligomers
can be found in literature [5,18].

Micellar and homogeneous nucleation causes for-
mation of very small particles containing a radical.
Micellar nucleation occurs when the free surfactant
concentration in the aqueous phase, Sw, exceeds the
critical micelle concentration (CMC). Above CMC,
the excess surfactant molecules aggregate in the aque-

ous phase and micelles are produced. The concentra-
tion of these micelles is given below [4,5]:

(2)

where nagg is aggregation micellar number. 
The oligomer radicals in the aqueous phase enter

into the micelles, converting them into polymer parti-
cle. This phenomenon is called micellar nucleation.
The rate of micellar nucleation is as follows [8,9]:

(3)

where [PW]1 is the concentration of aqueous phase
oligomers of chain length, l; and el

micelle is entry rate
coefficient for oligomers with  chain length, l, into
micelles.

Upon reaching the critical chain length, the
oligomers precipitate out of the aqueous phase and
form new particles. This phenomenon is called homo-
geneous nucleation. The rate of homogeneous nucle-
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ation is given below [8,9]:

(4)

where kp
w is coefficient of propagation rate of

oligomers in the aqueous phase, and [M]w is the con-
centration of monomer in the aqueous phase.

In a semi-batch reactor the material balance for
monomer is given by the following equation [8]:

(5)

where νM is monomer molar flow rate, [M]p is the
concentration of monomer in the polymer phase, ktr
and kp are coefficients of  monomer transfer and prop-
agation rates in the polymer phase and n(r, t) is aver-
age number of radicals per particle with radius, r.
Concentration of monomer in the particle and aque-
ous phases are calculated using simple partitioning
coefficients [8,17,18].

Free surfactant concentration is calculated from
the following surfactant balance equation [8]:

(6)

where ST represents the total mole of surfactant in the
reactor and [S]W is the free surfactant concentration.
Terms Ks[S]wVp

s and Ks
d[S]wVd account for the

moles of surfactant dissolved in particles and droplets,
respectively. For ionic surfactants, these terms are
zeros but for non-ionic surfactants they must be con-
sidered. Ks and Ks

d are coefficients of surfactant par-
titioning between aqueous phase and particles and
droplets phases, respectively. Sa and Sd are the moles
of surfactant adsorbed on surface of particles and
droplets [4,5,8,17].

The polymer particles are characterized by a pop-
ulation density. The particle density f(r,t)dr  is defined
as the moles of particles of unswollen size between r
and r+dr at time t. Zero-one model is valid only for
systems with the number of radicals per particle equal
to 0 or 1. This model distinguishes particles that have

a polymeric radical (f1
P), particles that have no radi-

cals (f0), and particles that have a monomeric radical
(f1

M). Nucleation produces particles with one radical
(f1

P) [4,5]. The objective of this work is to monitor the
PSD starting from the beginning of the reaction,
where the particles are small, up to final conversion
and the 0-1 model is used for this purpose. Particles
are assumed to be colloidally stable, and therefore
coagulation is not considered. 

The population balance equations for the three par-
ticle types (f1

P, f0 and f1
M) are as follows [4,5]:

(7)

(8)

(9)

(10)

The rate coefficient for desorption of monomeric rad-
icals, kdM, may be written as a function of the diffu-
sivity of monomer both in the water phase and inside
the particle, the aqueous monomer concentration, the
monomer concentration in the particle, and the
swollen radius [5]. The equations for overall radical
entry rate, ρ, and the particle propagation growth rate
are given by Zeaiter et al. [4,5]. At high monomer
conversion, the viscosity inside the polymer particles
increases sharply and further polymerization becomes
diffusion controlled. An additional entry phenomenon
is restricted at high monomer conversion and the entry
rate coefficient for particles is reduced by entry effi-
ciency coefficient which is calculated from an empir-
ical equation [5].
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Numerical Solution of Population Balance
Equations
The finite volume (FV) method is applied for solving
population balance equations. This method is closely
related to the finite difference (FD) method, but it is
derived from the integral form of the differential
equations, a starting point that is reflected in a number
of advantages [1,19]. In this method, the truncated
radius domain is subdivided into N cells and the aver-
age value of the density function for any type of par-
ticle over cell i at time t is defined as:

(11)

According to the FV method, PBE is not solved
directly, but its integrated version is used. Integrating
eqns (7) to (9) over the jth cell, changing the order of
differentiation and integration and dividing by ∆rj
result in:

(12)

(13)

(14)

By finite volume method three population balance
equations (eqns 7-9) are transformed into 3N ordinary
differential equations (eqns 12-14), respectively. The
ordinary differential equations obtained from dis-
cretization of PBE with the other equations for initia-
tor, monomer mass balances and thermodynamic rela-
tions are solved simultaneously. The model parame-
ters used to describe styrene polymerization are listed
in Table 2.

EXPERIMENTAL

For validation of the model, batch emulsion polymer-
ization of styrene was carried out at 50ºC under slight
nitrogen pressure, in a one liter laboratory Buchi reac-
tor. The distillated industrial monomer and the distil-
lated water were used for polymerization. Surfactant
(sodium dodecylsulphate, SDS) and initiator (potassi-
um presulphate) were Merck grades.

The reactor was purged with nitrogen. All compo-
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Table 2. Parameters used for styrene polymerization [4,5,17].

Parameter Value Parameter Value 

kp0 1.259×107 exp(-29000/RTK) sat

w]M[ )T/1259514.1exp( K−−

ktr kp×100.658 exp(-23400/RTK) PwK 1348 

kt0 1.3×109 exp(-99000/RTK) wD 71055.1 −× 

ktaq kt0 σ 810602.0 −× 

dp 1050.1-0.621T α 81074.0 −× 

dm 923.6-0.887T CMC 3103 −× 

z 3 aggn 60 

jcrit 5 s eda a= 181042 −× 

kr 100 kp0 sb 2100 



nents except the initiator were added into the reactor,
under the blanket of nitrogen and agitated approxi-
mately for one hour and heated to 50ºC. Then the ini-
tiator solution was added and polymerization allowed
to start. Monomer conversion was determined off-line
by taking samples from the reactor. The wet sample
was weighed and inhibitor was added to the sample to
stop the polymerization. The sample was dried and
weighed to calculate the conversion. The particle size
distribution was measured using dynamic light scat-
tering (Malvern Zetasizer Nano Instrument) by taking
samples at regular intervals.

Simulation and Experimental Results
The model first was validated using experimental
result obtained from the batch styrene polymerization.
In the experiment and simulation runs, it was assumed
that polymerization was conducted under the follow-

ing condition: an initial charge of monomer (100 g)
was added to the reactor along with 892 g water and
7.717 g of surfactant (SDS). The reactor contents were
brought to the desired reaction temperature (50ºC).
The initiator solution (1.206 g K2S2O8) was then
added. The experimental and simulation results for
conversion rate and final particle size distribution are
shown in Figures 1a and 1b. As can be seen there is a
good agreement between simulation and experimental
results.

Figures 1c and 1d illustrate the instantaneous free
surfactant concentration and total number of particles
as a function of time. Free surfactant concentration
has important role in the nucleation and consequently
affects the total number of particles. As shown in
Figure 1c, when the free surfactant concentration
increases above the critical micellar concentration,
total number of particles is increased and when it falls

Iranian Polymer Journal / Volume 15 Number 11 (2006)906
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(b) (d)

Figure 1. Simulation result for M0=100 g, I0=7.717 g, and S0=1.206 g at T=50ºC: (a) instantaneous conversion versus time;
(b) final particle size distribution; (c) instantaneous free surfactant concentration; and (d) total number of particles.

(a) (c)



below CMC, the total number of particles remain con-
stant.

To check the accuracy of the numerical method,
the discretization interval, ∆r is reduced from 0.4 to
0.2 but no observable improvement is obtained, while
computational time is increased significantly.
Therefore for the rest of simulation ∆r = 0.4 is chosen.

The polymerizations condition for the second sim-
ulation run is as follows: an initial charge of monomer
(comprising 17.1% of the total amount or 25 g of
styrene) was added to the reactor along with 532 g of
water and 1.03 g of surfactant. The reactor contents
were brought to the desired reaction temperature
(70ºC). The preheated initiator solution (1.16 g) was
then added. Thereafter, the remaining monomer was
added continuously to the reactor after a "batch pre-
period" of 25 min with a rate of 0.0016 mol/s. 

Figure 2a shows conversion versus time. The slope
of this curve at high conversion (>80%) is decreased
because of diffusion restriction. By increasing
monomer conversion the volume fraction of polymer
inside the particles exceeds the limiting value of 0.8,
the viscosity inside the particle increases dramatical-
ly, and the system becomes diffusion controlled and
consequently the propagation rate coefficient is
decreased (Figure 2b). 

In Figure 2c the instantaneous droplets volume
versus time is shown. When droplets phase disappears
(in interval I and II regimes or Vd>0) the concentra-
tion of monomer in the particle is maximum and con-
stant (Figure 2d). When droplets phase does not exist
(in interval III regimes or Vd=0) the concentration of
monomer in the particle phase is lower than the satu-
ration value.  
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(b) (d)
Figure 2. Simulation result for M0=25g, I0=1.16 g, and S0=1.03 g at T=70°C remaining monomer was added to the reactor
after of 25 min with a rate of 0.0016 mol/s: (a) instantaneous conversion versus time; (b) instantaneous propagation rate coef-
ficient versus time; (c) instantaneous droplets volume versus time; and (d) concentration of monomer in the particle phase.

(a) (c)



Figure 3a illustrates the instantaneous total number
of particles as a function of time. Total number of par-
ticles is sum of particles that have no radical, particles
that have a monomeric radical (Figure 3b) and parti-
cles that have a polymeric radical (Figure 3c). The
numbers of particles with polymeric radicals are about
105 times of particles with monomeric radicals, but
their variations have the same trend. The final particle
size distribution is shown in Figure 3d.

Optimization
In this section the computation of surfactant feed rate
for reaching a desired bimodal particle size distribu-
tion is discussed. The surfactant concentration has
been selected as the manipulated variable, because it

has the major effect on particle size distribution. It
affects the rate of nucleation and polymer particles
stabilization simultaneously. The target final PSD is
characterized in a finite dimensional parametric space.
Given unimodal and bimodal distribution as signifi-
cant cases, the final PSD is described by bi-Gaussian
distributions:

(15)

where the parameters p={ai, ki, σi|i = 1,2} are the
mean radii, amplitudes and variances for primary and
secondary modes, respectively.  In this paper parame-
ters for final desired particle size distribution are
selected as follows:
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Figure 3. Simulation result for M0=25g, I0=1.16 g, and S0=1.03 g at T=70°C remaining monomer was added to the reactor
after of 25 min with a rate of 0.0016 mol/s: (a) instantaneous total number of particle versus time; (b) instantaneous total num-
ber of particle having monomeric radical versus time; (c) Instantaneous total number of particle having polymeric radical ver-
sus time; (d) final particle size distribution.
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The optimization recipe is formulated to minimize the
squared deviation between the final target PSD and
the one predicted by model [12]:

(16)

Here, nscale is a factor used to scale the objective func-
tion values and given by [12]:

(17)

The bimodal distribution is produced by multiple sur-
factant additions, sufficiently separated in time.
Therefore for this case surfactant feed rate is the
manipulated variable. When formulating the optimiza-
tion problem, surfactant feed rate is discretized as 18
equal-spaced Heavside functions, with the piecewise
constant control inputs (zero-order hold), each with a
sample hold time of 100 s, as decision variables. The
terminal time, tf, has been fixed at 30 min. 

For optimization purposes the genetic algorithm
(GA) is utilized. The GA is conceptually simple and
easy to programme for global optimization [13,14].

Optimization results for M0=0.259 mol, I0=0.01

mol, and S0=0.0043 mol at T=50ºC are shown in
Figure 4. Surfactant feed flow rate which drives the
system to the target PSD is shown in Figure 4a. The
desired PSD and simulation result is shown in Figure
4b. For complete matching of these two PSDs it is
necessary to increase the discretizaion of surfactant
feed rate profile (decision variables) and consequently
the computational load will be increased. It must be
noted that, it is unlikely to reach any desired PSD only
by manipulating the surfactant feed rate.

CONCLUSION

In this paper, a detailed dynamic model was used for
styrene emulsion polymerization in a semi-batch reac-
tor to predict the evolution of the product particle size
distribution (PSD) over the entire range of monomer
conversion. The zero-one kinetics model was
employed. Modelling equations include the diffusion-
controlled kinetics at high monomer conversion. The
finite volume (FV) method is applied for solving the
population balance equations. The ordinary differen-
tial equations obtained from discretization of popula-
tion balance equation (PBE) with the other equations
for initiator and monomers mass balances and thermo-
dynamic relations are solved simultaneously.
Simulation studies indicate that the selected numerical
method is robust and is suitable for solving the PBEs.
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Comparison of simulation and experimental results
shows that the model can predict the monomer con-
version and polymer PSD fairly well.  

The genetic algorithm (GA) is used for finding the
optimal feed rate to achieve the desired PSD. The
detailed model is used to generate the optimal feed
profile to attain a target PSD. The open-loop strategy

of the optimal surfactant feed profile for obtaining a
bimodal PSD is described. The simulation results
indicate that for complete matching of the actual PSD
with the desired distribution, the discretizaion of sur-
factant feed rate profile should be increased. It should
be noted that, it may be impossible to obtain any desi-
red PSD only by manipulating the surfactant feed rate.
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Nomenclature:

CMC : Critical micelle concentration 

micelleC  : Concentration of micelles 
n
micellee  : Coefficient of entry rate for oligomers of chain length, n, into micelles  

)r(en  : Coefficient of entry rate for oligomers of chain length n into particles with radius, r 

f(r,t) : Particle density distribution 
Pf1  : Density of  particles that have a polymeric radical  

0f  : Density of  particles that have no radical 
Mf1  : Density of  particles that have a monomeric radical 

jcr : Critical chain length  

SK  : Coefficient of surfactant partitioning between aqueous phase and particles  
d
SK  : Coefficient of surfactant partitioning between aqueous phase and droplets 

dk  : Coefficient of initiator decomposition rate 

rk  : Coefficient of initiation rate  
w
tk  : Coefficient of termination rate 
w
trk  : Coefficient of monomer transfer rate  

l,w
pk  : Coefficient of propagation rate of aqueous phase oligomers of chain length l in the aqueous phase 

dMk  : Coefficient of desorption rate for monomeric radicals 

trk  : Coefficient of monomer transfer rate in the polymer phase  

pk  : Coefficient of propagation rate in the polymer phase 

p]M[  : Concentration of monomer in the particle phase 

w]M[  : Concentration of monomer in the aqueous phase 

M : Total of monomer in the reactor 

Mw : Molecular weight  of monomer 

aggn     Aggregation micellar number 

),( trn  : Number of radicals per particle 
l

W]P[  : Concentration of aqueous phase oligomers of chain length l 

rmicelle  : Radius of  a micelle 

rnuc : Radius of  particle produced by nucleation 

Sw : Free surfactant concentration 

Vaq : Aqueous phase volume 

Iν   : Initiator molar flow rate   

Mν  
: Monomer molar flow rate 
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