
Mathematical Modelling can lead to a better understanding of the role of variables
in real dyeing process. The aim of this study was to model colour yield in dyeing
cotton cloth with selected reactive dyes via two phase pad-steam fixation

method, as a function of steam temperature, steaming time and alkali concentration.
Factorial design was employed and at first, polynomial regression models were produced
for the selected monochlorotriazine, dichlorotriazine, trichloropyrimidine and vinylsul-
phone reactive dyes. As these models did not meet the necessary requirements, orthog-
onal polynomial regression was employed. This led to the acceptable models except in
one case. The models for the selected dyes in each group of monochlorotriazine,
dichlorotriazine, trichloropyrimidine showed similarity but not for vinylsulphone dyes.
Response surfaces of the models can be used to find the optimum conditions that maxi-
mize the colour yield of each dye.
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Reactive dyes are suitable for dyeing
and printing cotton cloth with rela-
tively good washing fastness. Gener-
ally, depending on the type of dye
and substrate, dye molecules are
attached to substrate via mechanical
retention, physical attraction or

chemical reaction. Dyeing cellulosic
fibres with reactive dyes is a case of
chemical reaction [1]. In dyeing cel-
lulosic substrate with reactive dyes
in neutral bath, physical absorption
occurs until equilibrium is reached.
On addition of alkali to the dye bath,
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chemical bonds are formed between hydroxyl groups in
cellulose and reactive groups of reactive dyes. Hydrox-
yl groups of cellulose act as nucleophilic centres, capa-
ble of undergoing reaction with reactive dyes. Simulta-
neously, some dyes may react with hydroxyl groups of
water and in other words are hydrolyzed. Hydrolyzed
dyes cannot react with cellulose and their amount
affects dyeing yield [2].

Nucleophilic substitution and addition constitute
the two most important mechanisms in the reaction
between cellulose and reactive dyes. Reactive dyes
with one, two or three halogens as reactive groups
undergo reaction by nucleophilic substitution while
vinylsulphone reactive groups follow the addition route
[1].

Alkali concentration, temperature and time are the
three most important parameters affecting the chemical
reaction and in other words the colour yield of reactive
dyes [3]. As far as dyeing techniques are concerned,
dyeing of cellulose fabrics with reactive dyes can be
carried out by exhaustion, semi-continuous and contin-
uous methods. Semi-continuous and continuous meth-
ods can be carried out by one-phase or two-phase meth-
ods. In two phase methods, alkali is added to the fabric
in a second stage after the dye solution has been applied
to it. In one-phase, the dye solution contains the alkali.

The main objective of this research is to model
colour yield of dyed cotton fabrics with selected reac-
tive dyes via two phase pad-steam method, as a func-
tion of steaming time, steam temperature and alkali
concentration. Modelling colour yield can lead to a bet-
ter and easier understanding of the role of important
variables in real dyeing processes as well as obtaining
optimum dyeing conditions, where colour yield and
cost are maximum and minimum, respectively. Litera-
ture review shows efforts made for controlling parame-
ters in dyeing with the help of modelling. Rys et al. [4]
proposed a mathematical model for the diffusion-reac-
tion process, describing the behaviour of the fixation
efficiency of monofunctional reactive dyes for various
dyeing conditions. Cegarra et al. [5] produced isoreac-
tivity equations to determine the conditions of tempera-
ture-time to achieve constant sorption at different sorp-
tion times. In this work, the theoretical and experimen-
tal values have been compared for dyeing of wool, vis-
cose rayon and acrylic fibres with acid, direct and
cationic dyes, respectively. Broadbent et al. [6] carried

out a series of experiments on the fixation of reactive
dye to a cotton fabric in a pilot scale electric infrared,
using two factorial plans. Equations were derived
describing the influence of the controllable process
variables on the dye fixation yield and also on the final
fabric temperature and water content. It was found out
that fabric speed, emitter power and NaOH concentra-
tion were the most important variables influencing the
dye fixation yield. Shamey et al. [7] produced mathe-
matical models describing the conditions of dye liquor
at any given time. The temperature dependence of the
system and the effect of electrolyte, dye and other addi-
tives in the dye bath were studied for inclusion in the
model. In another work, Shamey et al. [8] employed
mathematical modelling for optimizing parameters in
order to improve the control of the process cycle for the
application of reactive dyes in package dyeing. This
enables one to monitor and control the dye liquor tem-
perature, pressure, fluid flow rate and direction, pH and
dye concentration in the liquor. Hung et al. [9] used
fuzzy models to provide a systematic approach for con-
trolling dye bath concentration, pH and temperature in
dyeing cotton cloth with direct dyes, in order to achieve
the desired shade and colouration uniformity in final
product.

EXPERIMENTAL

Experiments are performed by investigators in virtual-
ly all fields of inquiry, usually to discover something
about a particular process or system. A designed exper-
iment is an action or a series of actions in which input
variables of the process or system are changed on pur-
pose so that the reasons for changes in the output
response can be identified and observed [10]. For
designing an experiment, at first the statement of prob-
lem is recognized and then effective factors with their
levels as well as response variable are determined.
Then, based on the objectives, suitable experimental
design is selected and finally experiments are carried
out accordingly. The obtained data is analyzed using
analysis of variance method and finally the variables
with significant effect on response variable are deter-
mined. Factorial design, fractional factorial design,
randomized blocks, latine squares and nested designs
constitute different methods of experimental design.



Factorial design is widely used in cases where the
determination of mutual and simultaneous effect of a
number of variables on response is important. This is
the case in present research, i.e. the experiments were
carried out according to a factorial design [11].

POLYNOMIAL REGRESSION
Regression is a technique for analyzing and modelling
the relationship between variables. The polynomial
regression as a model is employed for fitting the suit-
able relationship between variables. Polynomial mod-
els are widely used in situations where the analyst
knows that curvilinear effects are present in the true
response function [12]. In this research, polynomial
regression has been used to model the colour yield as a
function of three reactive dyeing variables. The gener-
al form of a second-order polynomial model represent-
ing the colour yield as a function of steam temperature
(T), steaming time (t) and alkali concentration (c) is as
follows: 

The general statistical assumptions for the error term
(ε) of any regression are [11]:

- Zero value for the expected value(long-run aver-
age value) of errors

- Constant variance for the errors
- Uncorrelated errors
- Normally distributed errors

Adequacy of the model depends on the validity of the
above mentioned assumptions. Normality of errors is
checked by normal probability plot. If points lie
approximately in a straight line, the error distribution is
normal. The plot of residuals against fitted values is
used for detecting several common types of model
inadequacies. If residuals lie in a horizontal band, then
there are no obvious model defects [12]. Another inad-
equacy of a model fitting is the multicolinearity which
implies close linear dependence among the independ-
ent variables. If there is no linear relationship, the inde-
pendent variables are called orthogonal. Multicolinear-
ity is detected by variance inflation factor (VIF). VIF of
each coefficient measures the effect of the dependence
between regression variables and is calculated as fol-
lows:

VIFJ = (1-RJ
2)-1

where RJ
2 is the coefficient of determination for regres-

sion of jth variable on other independent variables.
VIFs bigger than 10 imply multicolinearity [13,14].
Orthogonal polynomial regression is a suitable method
for fitting polynomial models when multicolinearity is
present. Also orthogonal polynomials are used when
independent variables are equally spaced [15].

METHODS
Cotton fabric samples (bleached with no optical bright-
ener) were first padded (Werner Mathis) (2 m/min)
with a 20 g/L dye solution ( pick up=75%) and then
dried at 115±5oC. Table 1 shows nine selected reactive
dyes with four different reactive groups used for dyeing
the samples. The dried samples were then padded (pick
up=100%) with caustic soda solution saturated with
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Table 1. List of the selected reactive dyes used for modelling.

Commercial name C.I. Reactive Chemical base Reactive group

Remazol Blue 3R

Remazol Brilliant Red GD

Remazol Brilliant Green 6B

Procion Red P-4BN

Cibacron Red 6B

Procion Red MX-5B

Procion Navy MX-RB

Drimarene Red X-6BN

Drimarene Violet X-2RL

Blue 28

Red 63

Green 38 

Red 3:1

Red 218

Red 2

Blue 82

Red 243

Violet 6

Monoazo

Monoazo

Phthalocyanine

Monoazo

Azo

Monoazo

Azo

Azo

Azo

Vinylsulphone

Vinylsulphone

Vinylsulphone

Monochlorotriazine

Monochlorotriazine

Dichlorotriazine

Dichlorotriazine

Trichloropyrimidine

Trichloropyrimidine



sodium chloride and then steamed (Werner Mathis).
The amount of caustic soda concentration, steaming
time and steam temperature were chosen from a matrix
of conditions shown as in Table 2. Finally, the samples
were washed hot and dried, ready for the reflectance
measurement by the Tex flash spectrophotometer (Dat-
acolor).

In this work colour yield was assumed to be shown
by the value of Fk. To obtain Fk, reflectance of each
sample was measured and K/S (Kubelka-Munk theory)

[16] was calculated as follows:

Rλ is the reflectance of sample of infinite thickness to
light of a given wavelength, expressed in fractional
form. Fk function is in fact an estimation of the area
under the absorption curve which considers K/S in dif-
ferent wavelengths of visible light as well as colour
matching functions [17]: 

RESULTS AND DISCUSSION

Analysis of Variance for Factorial Design
Table 3 shows the result of the analysis of variance of
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Table 2. Matrix of fixation conditions.

Variable number 1 2 3 4 5 6

Temp (oC)

Time (s)

Caustic soda 38 oBe (mL/L)

100

0

0

115

15

30

130

30

60

145

45

90

160

60

120

___

___

150

Table 3. The results of analysis of variance of factorial design for the selected dyes.

Reactive groups C.I.Reactive Significant source of variations (Significance level α = 0.05)

Dichlorotriazine

Blue 82
1) Main effect of concentration (c)

2) Interaction effect between concentration and time (tc)

Red 2
1) Main effect of concentration (c)

2) Interaction effect between concentration and time (tc)

Monochlorotriazine

Red 218

1) Main effect of time (t)

2) Interaction effect between concentration and time (tc)

3) Main effect of concentration (c)

Red 3:1

1) Interaction effect between concentration and time (tc)

2) Main effect of time (t)

3) Main effect of concentration (c)

Trichloropyrimidine

Violet 6

1) Main effect of time (t)

2) Main effect of concentration (c)

3) Interaction effect between concentration and time (tc)

Red 243

1) Main effect of time (t)

2) Interaction effect between concentration and time (tc)

3) Main effect of concentration (c)

Vinylsulphone

Blue 28

1) Main effect of time (t)

2) Main effect of concentration (c)

3) Interaction effect between concentration and time (tc)

Green 38

1) Main effect of time (t)

2) Main effect of concentration (c)

3) Interaction effect between concentration and time (tc)

Red 63
1) Interaction effect between concentration and time (tc)

2) Main effect of concentration (c)
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factorial design for the selected dyes. The order of the
variables for each dye shows their importance on Fk
(variable 1 having the biggest effect). From Table 3, it
is concluded that for the selected reactive dyes, the
steam temperature in the range of 100-160oC has no
considerable effect and can be neglected in the modelling. 

Polynomial Regression Modelling
Table 4 shows the polynomial regression models based
on significant variables of Table 3. To examine the ade-
quacy of these models, the multicolinearity  among the
variables was investigated by calculating VIF for the
independent variables introduced in the models. Table 5

shows the VIFs for the entrance variables in all cases.
As it can be seen, VIFs are bigger than 10. Hence, it is
concluded that multicolinearity exits between inde-
pendent variables in the regression models and as a
result, the models cannot be accepted. To improve the
models, orthogonal polynomial was used. To obtain
orthogonal polynomial model, new orthogonal vari-
ables must be introduced. Table 6 shows these new
orthogonal variables which are based on entrance vari-
ables in modelling. Table 7 shows the models based on
orthogonal polynomial regression. Table 8 shows VIFs
for variables in orthogonal polynomial regression. As
Table 8 shows, the models based on orthogonal polyno-

Table 4. Polynomial regression model for the selected reactive dyes.

Dichlorotriazine

Dye Specification Model with significant variables at α = 0.05

Blue 28
MSE = 69.1

R
2

= 35.2%
y = 74.406 + 0.2195 c

Red 2
MSE = 66.2

R
2

= 56.4%
y = 49.016 + 0.75.c - 0.0043.c2-0.011.t.c

Monochlorotriazine

Dye Specification Model with significant variables at α = 0.05

Blue 218
MSE = 64.3

R
2

= 88.8%
y = 16.1 + 0.015.t.c

Red 3:1
MSE = 147

R
2

= 88.2%
y = 19.87 + 0.036.t.c

Vinylsulphone

Dye Specification Model with significant variables at α = 0.05

Blue 28 MSE = 155.5

R
2

= 59.3%
y = 16.97 + 0.87.t + 0.64.c - 0.0025c2

Green 38
MSE = 50.6

R
2

= 76.5%
y = 24.42 + 0.43.t + 0.03.t.c. - 0.000155.t.c2 - 0.0004.t2.c2

Red 2
MSE = 194

R
2

= 79.9%
y = 9.65-0.00025.t.c - 0.000246.t.c2 - 0.0005.t2.c

Trichlorotriazine

Dye Specification Model with significant variables at α = 0.05

Violet 6
MSE = 65.6

R
2

= 77.6%
y = 28.3 + 0.19c - 0.0013c2

Red 243
MSE = 85.1

R
2

= 84.3%
y = 45.3 + 0.449.t - 0.18.c + 0.017.t.c



mial regression show no multicolinearity. To examine
the adequacy of the modified models, normal probabil-
ity plot and plot of residuals against fitted values were
worked out for each model. Figure 1 shows these plots
for C.I.Reactive Red 243 as an example. The results
showed that only the model of Blue 28 did not have
enough adequacy and could not be accepted.

The response surface and the related contours for
the accepted models are shown in Figures 2 to 9. Fig-
ures 2 and 3 show similar response surfaces for the two
dichlorotriazine dyes and hence similarity for their
models. As it can be seen, they increase in the direction
of concentration axis. Therefore, it is concluded that for
these dyes, alkali concentration has more effect on Fk
than steaming time. This is confirmed by the parallel
and vertical contours on concentration axis.

Response surfaces of the two monochlorotriazine
dyes are shown in Figures 4 and 5. It is seen that a good
degree of similarity exists between the models of these
two monochlorotriazine dyes. In this case, the trend of

surfaces shows the importance of alkali concentration
and steaming time for increasing Fk. This is also con-
firmed by the contours. 

The response surfaces for trichloropyrimidine dyes
in Figures 6 and 7 show a lesser degree of similarity.
However, they show an increase in both concentration
and steaming time axis. It is concluded that for these
dyes, steaming time has a more pronounced effect on
Fk than alkali concentration. 

Figures 8 and 9 show the response surfaces of Red
63 and Green 38 vinylsulphone dyes. These figures
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Figure 1. Normal probability plot and plot of residuals versus fitted values for C.I. Reactive red 243.

Table 6. Orthogonal variables in orthogonal polynomial

based on entrance variables in modelling.

t = Steaming time; c = Alkaline concentration; z = Orthogonal variable.

Orthogonal variables Entrance variables in modelling
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Independent variable Elongation-at-break (%)

c

t

tc

t2

c2

t2c

tc2

t2c2

56.3

61.3

813.0

61.3

56.3

660.3

642.1

489.4

Table 5. VIFs  for the entrance variables on polynomial

regression modelling  .



show that Fk increases to a maximum as alkali concen-
tration and steaming time is increased. However, for
these dyes, steaming time has a more pronounced effect
on Fk.

Considering all the discussed response surfaces, it
is concluded that the models (based on orthogonal
polynomial regression) developed for each of the three
groups of selected dichlorotriazine, monochlorotri-
azine, trichloropyrimidine reactive dyes can be consid-
ered similar. The dissimilarity of the models of the
vinylsulphone dyes may be a result of the different
nature of the reaction between them and cellulose. It is
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Table 7. The modified models based on orthogonal polynomial regression for the selected dyes.

Dichlorotriazine

Dye Specification Model with significant variables at α = 0.05

Blue 28
MSE = 53.2

R
2

= 42.2%
y = 85.0533 + 1.6011.z2-0.6510.z5+0.3400.z7

Red 2
MSE = 49

R
2

= 64.4%
y = 66.4 + 1.73.z2 - 1.89.z5 + 0.3.z6 - 0.17.z8

Monochlorotriazine

Dye Specification Model with significant variables at α = 0.05

Blue 218
MSE = 36

R
2

= 93.5%
y = 40.17 + 11.33.z1 + 3.83.z2 + 1.66.z3 - 0.83.z4 - 0.71.z5 - 0.53z6 - 0.29.z7

Red 3:1
MSE = 38

R
2

= 96.8%
y = 62.75 + 15.z1 + 6.25.z2 + 1.9.z3 - 3.5.z4 - 02.z5 - 1.16z6 - 0.8.z7 - 0.2.z8

Vinylsulphone

Dye Specification Model with significant variables at α = 0.05

Blue 28 _______ _______

Green 38
MSE = 40.8

R
2

= 79.9%
y = 43.6 + 6.22.z1 + 1.25.z2 + 0.47.z3 - 3.62.z4 - 1.2.z5 - 0.25z6 - 0.28.z7 + 0.25.z8

Red 2
MSE = 82.9

R
2

= 44.4%
y = 79.56 + 3.31.z2 - 1.6.z3 - 2.68.z5

Trichlorotriazine

Dye Specification Model with significant variables at α = 0.05

Violet 6
MSE = 41.2

R
2

= 84.8%
y = 46.633 + 7.17.z1 + 2.5.z2 + 1.136.z3 - 1.035.z4 - 0.25.z5 - 0.25z6 - 0.22.z7

Red 243
MSE = 56.6

R
2

= 84.2%
y = 63.98 + 9.58.z1 + 2.28.z2 + 1.148.z3 - 2.28.z4 - 0.44.z5 - 0.54z6

Table 8. VIFs  for the entrance variables on orthogonal poly-

nomial regression modelling  .

Independent variable VIF

C

t

tC

t2

C2

t2C

tC2

t2C2

1.0

1.0

1.0

1.0

1.0

1.0

1.0

1.0
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Figure 2. The response surface and the related contours of orthogonal polynomial model for C.I.Reactive Blue 28.

Figure 3. The response surface and the related contours of orthogonal polynomial model for C.I.Reactive Red 2.

Figure 4. The response surface and the related contours of orthogonal polynomial model for C.I.Reactive Red 218.
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Figure 5. The response surface and the related contours of orthogonal polynomial model for C.I.Reactive Red 3:1.

Figure 6. The response surface and the related contours of orthogonal polynomial model for C.I.Reactive Violet 6.

Figure 7. The response surface and the related contours of orthogonal polynomial model for C.I.Reactive Red 243.

reminded that the formation of linkage between
dichlorotriazine, monochlorotriazine and trichloropy-

rimidine dyes, with chlorine as leaving group, is based
on nucleophilic substitution while for vinylsulphone



216

Modelling of Colour Yield for Selected Reactive ... Tavanai H. et al.

Iranian Polymer Journal / Volume 15 Number 3 (2006)

groups, the reaction is of addition type.
Response surfaces of the models can be used to

determine the range of optimum alkali concentration
and steaming time that maximize the colour yield of the
selected dyes. As maximum colour yield with a mini-
mum dyeing cost is the goal of any dyer; knowing the
cost per unit of variables in the models, it is possible to
choose the conditions leading to maximum colour yield
and minimum dyeing cost by using the contours of
every surface. 

CONCLUSION

Steam temperature, steaming time and alkali concentra-
tion constitute the three most important variables deter-
mining the colour yield in two phase pad-steam dyeing

of cotton fabrics with reactive dyes. In order to obtain a
model for each of the selected reactive dyes, showing
the colour yield as a function of these variables, samples
were dyed according to factorial experimental design.
At first, models based on polynomial regression were
produced for the selected dyes. As these models did not
meet the necessary requirements, orthogonal polynomi-
al regression was used. This led to the disappearance of
multicolinearity and the new models for the selected
dyes could be accepted except in one case.

The results of analysis of variance of factorial
design show that steam temperature in the range of
100-160oC did not affect the colour yield of the select-
ed dyes and hence did not show up in the models. The
models of the selected dyes in each group of mono-
chlorotriazine, dichlorotriazine and trichloropyrimidine
showed similarities, but the models obtained for  vinyl-

Figure 8. The response surface and the related contours of orthogonal polynomial model for C.I.Reactive Red 63.

Figure 9. The response surface and the related contours of orthogonal polynomial model for C.I.Reactive Green 38.
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sulphone dyes were not similar.
The range of optimum concentration and steaming

time that lead to maximum colour yield can be found
from the response surfaces of the models for each of the
selected dyes. With the cost per unit of variables in the
models known, conditions leading to minimum dyeing
cost for maximum colour yield can be found. 

ACKNOWLEDGEMENT

The authors wish to express their gratitude to
Mr H. Khalili and Mr A. Ataian for their assistance. 

REFERENCES

1. Johnson A. (Ed.), The Theory of Coloration of Tex-
tiles, 2ed., S.D.C, 428-449, 1989.

2. Shore J. (Ed.), Cellulosic Dyeing, S.D.C, 189-232,
1995.

3. Beech W.F., Fibre-reactive Dyes, Logos, London,
25-62, 1970.

4. Rys P., Sperb R.P., Efficiency of monofunctional
reactive dyeing: A mathematical analysis, Tex. Res.
J. Nov., 643-652, 1989.

5. Cegarra J., Puente P., Isoreactive dyeing systems,
J.S.D.C, 327-331, 1976.

6. Broadbent A.D., Therien N., Zhao Y., Effects of
process variables on the fixation of reactive dyes to
cotton using infrared radiation, Ind. Eng. Chem.
Res., 34, 943-947, 1995.

7. Shamey M.R., Nobbs J.H., Dye bath pH control of
dyeing machinery under dynamic conditions: Fact or
fiction, Text. Chem. Col., 31, 21-26, 1999.

8. Shamey M.R., Nobbs J.H., Computer control of
batchwise dyeing of reactive dyes on cotton, Text.
Chem. Col., 31, 35-39, 1999.

9. Hung C., Yu W., Control of dye concentration, pH
and temperature in dyeing process, Text. Res. J., 69,
914-918, 1999.

10. Weir G., A first course in mathematical modelling,
2ed., Books/Cole, Ch. 2, 1977.

11. Montgomery D., Design and Analysis of Experi-
ments, 3ed., John Wiley, New York,  Ch. 3, 7 and 16,
1991.

12. Montgomery D.C., Peck C.A., Introduction to Lin-
ear Regression Analysis, 2nd., Wiley,  Ch. 1, 3, 4, 5
and  8, 1991.

13. Kleinbaum D.G., Applied regression analysis and
multivariable methods, 2ed., PWS-KENT (Boston),
240-249, 1998.

14. Chatterjee S., Hadi S.A., Sensitivity analysis in lin-
ear regression, Wiley, Ch. 3, 43, 1988.

15. Gue-liang T., The comparison between polynomial
and orthogonal polynomial regression, statistics and
probability letters, 38, 289-294, 1988.

16. Grum F., Bartleson C.J., (Eds.), Optical Radiation
Measurements, Vol 2, Color Measurement, Academ-
ic, New York, 290-335, 1980.

17. Baumann W., Tomas G., Determination of relative
colour strength and residual colour difference by
means of reflectance measurement, J.S.D.C., 103,
100-105, 1987. 




